
Number Theory Problem Set
Math Circle Competition Team

1 Divisibility

1. Find the prime number p such that there are integers a, b, c, and d which satisfy the system
of equations:

a+ b+ c = p− 3

a+ b+ d = p+ 1

a+ c+ d = 2p+ 2

b+ c+ d = p

2. If we take a certain 2-digit integer and reverse its digits to form another 2-digit integer, then
the sum of these two numbers is always divisible by what number?

3. A student scored the following grades on four exams, respectively: 94, 91, 95, and a score
between 81 and 87 inclusive. If the average of all four of their scores is an integer, what was
the fourth exam score?

4. For all natural n, which, if any, is
(n+ 2)!

(n− 1)!
divisible by: 1, 2, 3, and 6?

5. Find all positive two-digit integers n for which the number obtained by erasing the last digit
is a factor of n.

6. Find the greatest positive integer x such that 23x+6 | 2000!.

7. Find the greatest three-digit number that leaves a remainder of 4 when divided by 11.

8. Can an even number divided by another even number multiplied another even number ever
equal an odd number? Repetitions are allowed. Justify your answer.

9. Find all positive integers n such that for all odd integers a, if a2 ≤ n, then a | n.

F 10. [AIME 2008] On a long straight stretch of one-way single-lane highway, cars all travel at the
same speed and all obey the safety rule: the distance from the back of the car ahead to the
front of the car behind is exactly one car length for each 15 kilometers per hour of speed
or fraction thereof (Thus the front of a car traveling 52 kilometers per hour will be four car
lengths behind the back of the car in front of it.) A photoelectric eye by the side of the road
counts the number of cars that pass in one hour. Assuming that each car is 4 meters long
and that the cars can travel at any speed, let M be the maximum whole number of cars that
can pass the photoelectric eye in one hour. Find the quotient when M is divided by 10.

F 11. [AIME 2010] Let N be the greatest integer multiple of 36 all of whose digits are even and no
two of whose digits are the same. Find the remainder when N is divided by 1000.

F 12. Find all integers x such that x3−3x+2
2x+1

is an integer.

F 13. Find all positive integers a, b, c such that ab+ bc+ ac > abc.
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2 Prime Numbers

1. [AMC 12 2000] In the year 2001, the United States hosted the International Mathematical
Olympiad. Let I,M, andO be distinct positive integers such that the product I ·M ·O = 2001.
What is the largest possible value of the sum I +M +O?

2. Brooke buys paint jars in containers of 2 and 7. What’s the largest number of paint jars that
Brooke can’t obtain?

3. [MATHCOUNTS] The number 13 is prime. If you reverse the digits you also obtain a prime
number, 31. What is the larger of the pair of primes that satisfies this condition and has a
sum of 110?

4. [AMC 10 2002] Using the digits 1, 2, 3, 4, 5, 6, 7, and 9, form 4 two-digit prime numbers,
using each digit only once. What is the sum of the 4 prime numbers?

5. [UNCO Math Contest 2009] How many perfect squares are divisors of the product 1! · 2! · 3! ·
4! · 5! · 6! · 7! · 8! ?

6. [AMC 10 2002] The number 2564 · 6425 is the square of a positive integer N . In decimal
representation, what is the sum of the digits of N?

7. [AIME 1994] Ninety-four bricks, each measuring 4′′ × 10′′ × 19′′, are to be stacked one on
top of another to form a tower 94 bricks tall. Each brick can be oriented so it contribues
4′′ or 10′′ or 19′′ to the total height of the tower. How many different tower heights can be
achieved using all ninety-four of the bricks?

8. [AMC 10 2013] A positive integer n is nice if there is a positive integer m with exactly four
positive divisors (including 1 and m) such that the sum of the four divisors is equal to n.
How many numbers in the set {2010, 2011, 2012, . . . , 2019} are nice?

9. [AMC 12 2013] The number 2013 is expressed in the form

2013 =
a1!a2! . . . am!

b1!b2! . . . bn!
,

where a1 ≥ a2 ≥ · · · ≥ am and b1 ≥ b2 ≥ · · · ≥ bn are positive integers and a1 + b1 is as small
as possible. What is |a1 − b1|?

F 10. Find all positive integers a and b for which a4 + 4b4 is prime.

F 11. [AIME 2010] Maya lists all the positive divisors of 20102. She then randomly selects two
distinct divisors from this list. Let p be the probability that exactly one of the selected
divisors is a perfect square. The probability p can be expressed in the form m

n
, where m and

n are relatively prime positive integers. Find m+ n.

F 12. [AIME 2010] Let K be the product of all factors (b − a) (not necessarily distinct) where a
and b are integers satisfying 1 ≤ a < b ≤ 20. Find the greatest positive integer n such that
2n divides K.

F 13. [Russian MO 1995] Find all primes p such that p2 + 11 has exactly six different divisors
(including 1 and itself).
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3 GCD and LCM

1. Compute the gcd(819, 504) using the Euclidean algorithm.

2. [AMC 10 2017] There are 10 horses, named Horse 1, Horse 2, . . . , Horse 10. They get their
names from how many minutes it takes them to run one lap around a circular race track:
Horse k runs one lap in exactly k minutes. At time 0 all the horses are together at the
starting point on the track. The horses start running in the same direction, and they keep
running around the circular track at their constant speeds. The least time S > 0, in minutes,
at which all 10 horses will again simultaneously be at the starting point is S = 2520. Let
T > 0 be the least time, in minutes, such that at least 5 of the horses are again at the starting
point. What is the sum of the digits of T?

3. Find the largest possible value of the greatest common divisor of the numbers 5n + 6 and
8n+ 7, where n is an arbitrary positive integer.

4. [AMC 10 2018] Let a, b, c, and d be positive integers such that gcd(a, b) = 24, gcd(b, c) = 36,
gcd(c, d) = 54, and 70 < gcd(d, a) < 100. Which of the following must be a divisor of a?

(A) 5 (B) 7 (C) 11 (D) 13 (E) 17

5. [HMMT 2004] A lattice point is a point whose coordinates are both integers. Suppose Johann
walks in a line from the point (0, 2004) to a random lattice point in the interior (not on the
boundary) of the square with vertices (0, 0), (0, 99), (99, 99), (99, 0). What is the probability
that his path, including the endpoints, contains an even number of lattice points?

6. [AIME 1985] The numbers in the sequence 101, 104, 109, 116, . . . are of the form an = 100+n2

where n = 1, 2, 3, . . . For each n, let dn be the greatest common divisor of an and an+1. Find
the maximum value of dn as n ranges through the positive integers.

7. [HMMT 2011] Compute
91∑
n=1

gcd(n, 91).

8. [AIME 1986] What is the largest positive integer n such that n3 + 100 is divisible by n+ 10?

F 9. Prove Bézout’s identity using the division algorithm.

F 10. [HMMT 2012] Consider the sequence given by a0 = 1, a1 = 1 + 3, a2 = 1 + 3 + 32, a3 =
1 + 3 + 32 + 33, . . . Find the number of terms among a0, a1, a2, . . . , a2012 that are divisible by
7.

F 11. [AIME 1998] For how many values of k is 1212 the least common multiple of 66, 88, and k?

F 12. [HMMT 2014] Compute the greatest common divisor of 48 − 1 and 812 − 1.
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4 Parity

1. There are 25 primes less than 100. Is their sum even or odd?

2. Suppose a1, . . . , a10 are each +1 or −1. If the product of all ai’s is equal to 1, can the sum
be equal to 0?

3. Show that the equation x2 + 2013x+ 2014y = 1 has no integer solutions.

4. Suppose you have a list of 5 1s and 5 0s, written down next to each other. You play the
following game: At every stage, you pick two numbers from the current list, erase these two
numbers and replace them by a 0 if the two numbers are the same, and by a 1 if they are
different. Thus, each stage reduces the number of numbers on the list by 1, and after 9 such
moves there is only one number left. Prove that this surviving number is 1.

5. Consider a “walk” on the lattice points (points with integer coordinates) in the plane, with
moves given by the vectors (1, 1), (1,−1), (−1, 1), (−1,−1). If you start at the point (0, 0),
is it possible to reach the point (2014, 2015) with finitely many moves of this type?

6. [AMC 10 2007] How many ordered pairs (m,n) of positive integers, with m ≥ n, have the
property that their squares differ by 96?

7. [AMC 12 2007] Integers a, b, c, and d, not necessarily distinct, are chosen independently and
at random from 0 to 2007, inclusive. What is the probability that ad− bc is even?

F 8. Let n be a positive integer. Find the sum of all even numbers between n2 − n + 1 and
n2 + n+ 1.

F 9. [Russian MO 1995] Is it possible to place 1995 different natural numbers around a circle so
that in each pair of these numbers, the ratio of the larger to the smaller is a prime?

F 10. Call a sequence of 2n + 1 integers (not necessarily distinct) balanced if it has the property
that if we remove any one of these 2n+1 numbers, the remaining 2n numbers can be divided
into two groups of n numbers each, having the same sum. Obviously, if the integers in the
sequence are all equal, then this property holds. Show that such sequences are the only
balanced sequences of 2n + 1 integers; i.e., any balanced sequence a1, a2, . . . , a2n+1 must
satisfy a1 = a2 = . . . = a2n+1.

F 11. [AIME 2016] For polynomial P (x) = 1−1
3
x+1

6
x2, defineQ(x) = P (x)P (x3)P (x5)P (x7)P (x9) =∑50

i=0 aix
i. Then

∑50
i=0 |ai| =

m

n
, where m and n are relatively prime positive integers. Find

m+ n.
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5 Modular Arithmetic

1. Compute (12233 · 455679 + 876533) (mod 4).

2. Show that if x ≡ 11 (mod 24) then 3x ≡ 1 (mod 8).

3. Find a where (11 · 18 · 2322 · 13 · 19) ≡ a (mod 7).

4. Show that (x− 12)(x− 22)(x− 32)(x− 42)(x− 52)(x− 62) ≡ x6 − 1 (mod 13).

5. For a positive integer n, let S(n) denote the sum of the digits of n; for example, S(24135) =
2 + 4 + 1 + 3 + 5 = 15. Prove that n ≡ S(n) (mod 9). For example, 24135 = 9 · 2681 + 6 so
21435 ≡ 6 (mod 9) and similarly S(n) ≡ 15 ≡ 6 (mod 9).

6. Prove that any subset of 55 numbers from the set {1, 2, 3, . . . , 100} must contain two numbers
differing by 9.

7. What is the size of the largest subset of {1, 2, 3, . . . , 50} such that no pair of distinct elements
of S has a sum divisible by 7?

8. [HMMT 2016] Let Ck,n denote the number of paths on the Cartesian plane along which you
can travel from (0, 0) to (k, n), given the following rules: 1) You can only travel directly
upward or directly rightward 2) You can only change direction at lattice points 3) Each
horizontal segment in the path must be at most 99 units long. Find

∑∞
j=0C100j+19,17.

9. [AIME 1994] The increasing sequence 3, 15, 24, 48, . . . consists of those positive multiples of
3 that are one less than a perfect square. What is the remainder when the 1994th term of
the sequence is divided by 1000?

10. [iTest 2007] Let N be the smallest positive integer such that 2008N is a perfect square and
2007N is a perfect cube. Find the remainder when N is divided by 25.

11. [AIME 2012] Find the number of ordered pairs of positive integer solutions (m,n) to the
equation 20m+ 12n = 2012.

F 12. A subset of the set {1, 2, 3, . . . , 100} has the property that no element is three times another
element. What is the largest number of elements such a subset can have?

F 13. [HMMT 2015] The fraction 1
2015

has a unique partial fraction decomposition of the form

1

2015
=
a

5
+

b

13
+

c

31
,

where a, b, and c are integers with 0 ≤ a < 5 and 0 ≤ b < 13. Find a+ b.

F 14. [AIME 2017] Find the number of positive integers n less than 2017 such that

1 + n+
n2

2!
+
n3

3!
+
n4

4!
+
n5

5!
+
n6

6!

is an integer.

F 15. [Asian Pacific MO 1997] Find an integer n with 100 ≤ n ≤ 1997 such that n | 2n + 2.
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6 Divisibility Tricks

1. [MATHCOUNTS] Which integers between 1 and 9 inclusive are divisors of the five-digit
number 24,516?

2. Find the smallest natural number that is not a divisor of 5040.

3. The digits 1, . . . , 5 are each used once to compose a five-digit number abcde, such that 4 | abc,
5 | bcd and 3 | cde. What is abcde?

4. Find the smallest positive multiple of nine containing only even digits.

5. Without performing actual division, show that
1, 481, 481, 468

12
is an integer.

6. Is 65973390 divisible by 210?

7. For what values of a and b is 12ab a multiple of 99? Note that this expression represents
digits, not a product.

8. Show that if the last 3 digits of a number N is abc, then N is a multiple of 8 if and only if
4a+ 2b+ c is a multiple of 8.

9. Show that the 6-digit number abcdef is a multiple of 7 if and only if 5a+4b+6c+2d+3e+f
is a multiple of 7.
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7 Base Numbers

1. What is the largest positive integer less than 106 such that when written in base 2, the binary
representation only consists of all 1’s?

2. Find and prove a general formula for the absolute difference between a three-digit-or-less
integer and another three-digit-or-less integer with reversed digits. Examples: |10 − 1|,
|91− 19|, |321− 123|, |110− 11|.

3. Is 1122113311221112 divisible by 14310?

4. What integer 0 ≤ n ≤ 7 would need to be subtracted from 1020304050605040302017 for it
to be divisible by 810?

5. In base 10, you can determine the divisibility by 3 or 9 simply by adding up all the digits
in the number; if the results are divisible by 3 or 9, then the numbers are divisible by 3 or
9, respectively. What is the smallest base n such that we can do the same trick for all the
numbers from 2 to 6? In other words, what is the smallest integer n > 1 such that for any
number x written in base n we can determine the divisibility by all integers m(2 ≤ m ≤ 6),
by adding up all the digits of x and, if the result divides by m, concluding that x is divisible
by m?

6. [AIME 2008] There exist r unique nonnegative integers n1 > n2 > · · · > nr and r unique
integers ak (1 ≤ k ≤ r) with each ak either 1 or −1 such that

a13
n1 + a23

n2 + · · ·+ ar3
nr = 2008.

Find n1 + n2 + · · ·+ nr.

7. [AMC 10 2013] Bernardo chooses a three-digit positive integer N and writes both its base-5
and base-6 representations on a blackboard. Later LeRoy sees the two numbers Bernardo has
written. Treating the two numbers as base-10 integers, he adds them to obtain an integer S.
For example, if N = 749, Bernardo writes the numbers 10,444 and 3,245, and LeRoy obtains
the sum S = 13,689. For how many choices of N are the two rightmost digits of S, in order,
the same as those of 2N?

8. [E∧(pi*i)=-1’s Mock ARML 2008] Compute the number of 3-digit base-5 positive integer
multiples of 7 that are also divisible by 7 when read in base 10 instead of base 5.

9. [AMC 10 2015] Hexadecimal (base-16) numbers are written using numeric digits 0 through 9
as well as the letters A through F to represent 10 through 15. Among the first 1000 positive
integers, there are n whose hexadecimal representation contains only numeric digits. What
is the sum of the digits of n?

F 10. Is the integer 2 0 . . . 0︸ ︷︷ ︸
2004 0’s

4 a perfect square?

F 11. Find all integers written as abcd in decimal and dcba in base 7.

F 12. Find all the three-digit numbers abc such that the 6003-digit number abcabc...abc is divisible
by 91 (abc occurs 2001 times).

F 13. Knowing that 229 is a 9-digit number whose digits are distinct, without computing the actual
number determine which of the ten digits is missing. Justify your answer.
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8 Chinese Remainder Theorem

1. Find the solutions to the system of linear congruences

x ≡ 2 (mod 3), x ≡ 1 (mod 4), x ≡ 3 (mod 5).

2. Find (220 + 522) (mod 21).

3. [PMWC 2005] There are four consecutive positive integers (natural numbers) less than 2005
such that the first (smallest) number is a multiple of 5, the second number is a multiple of
7, the third number is a multiple of 9 and the last number is a multiple of 11. What is the
first of these four numbers?

4. We say that the integer n is square-free if for any prime divisor p, p2 does not divide n. Can
one find one million consecutive integers that are not square-free?

5. [iTest 2008] Let p(x) = x2008 + x2007 + x2006 + · · · + x + 1, and let r(x) be the polynomial
remainder when p(x) is divided by x4 + x3 + 2x2 + x+ 1. Find the remainder when |r(2008)|
is divided by 1000.

6. [AIME 2002] It is known that, for all positive integers k, 12 + 22 + 32 + . . .+k2 = k(k+1)(2k+1)
6

.
Find the smallest positive integer k such that 12 + 22 + 32 + . . .+ k2 is a multiple of 200.

7. [AIME 2012] For a positive integer p, define the positive integer n to be p-safe if n differs
in absolute value by more than 2 from all multiples of p. For example, the set of 10-safe
numbers is {3, 4, 5, 6, 7, 13, 14, 15, 16, 17, 23, . . .}. Find the number of positive integers less
than or equal to 10, 000 which are simultaneously 7-safe, 11-safe, and 13-safe.

8. [AIME 2014] The positive integers N and N2 both end in the same sequence of four digits
abcd when written in base 10, where digit a is not zero. Find the three-digit number abc.

F 9. [HMMT 2015] A number n is bad if there exists some integer c for which xx ≡ c (mod n)
has no integer solutions for x. Find the number of bad integers between 2 and 42 inclusive.

F 10. [HMMT 2017] For positive integers a and N , let r(a,N) ∈ {0, 1, . . . , N − 1} denote the
remainder of a when divided by N . Determine the number of positive integers n ≤ 1000000
for which r(n, 1000) > r(n, 1001).

F 11. [Taiwanese MO 2002] We call a lattice point X in the plane visible from the origin O if
the segment OX does not contain any other lattice point besides O and X. Show that for
any positive integer n, there exists a square of n2 lattice points (with sides parallel to the
coordinate axes) such that none of the lattice points inside the square is visible from the
origin.

F 12. [Czech and Slovak MO 1997] Show that there exists an increasing sequence {an}∞n=1 of natural
numbers such that for any k ≥ 0 the sequence {k + an} contains only finitely many primes.
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9 Powers of Integers

1. Find all integers n such that n− 50 and n+ 50 are both perfect squares.

2. [AMC 10 2007] Suppose that m and n are positive integers such that 75m = n3. What is a
minimum possible value of m+ n?

(A) 15 (B) 30 (C) 50 (D) 60 (E) 5700

3. Prove that if ab is a perfect square and gcd(a, b) = 1, then both a and b must be perfect
squares.

4. [UNCO Math Contest 2013] The number 64 is equal to 82 and also equal to 43, so 64 is both
a perfect square and a perfect cube.

(a) Find the smallest positive integer multiple of 12 that is a perfect square.

(b) Find the smallest positive integer multiple of 12 that is a perfect cube.

(c) Find the smallest positive integer multiple of 12 that is both a perfect square and a
perfect cube.

5. [UNCO Math Contest 2014] The Duchess had a child on May 1st every two years until she
had five children. This year the youngest is 1 and the ages of the children are 1, 3, 5, 7, and
9. Alice notices that the sum of the ages is a perfect square: 1 + 3 + 5 + 7 + 9 = 25. How
old will the youngest be the next time the sum of the ages of the five children is a perfect
square, and what is that perfect square?

6. [AMC 10 2014] Which of the following numbers is a perfect square?

(A)
14!15!

2
(B)

15!16!

2
(C)

16!17!

2
(D)

17!18!

2
(E)

18!19!

2

7. [iTest 2007] Find the largest integer n such that 20071024 − 1 is divisible by 2n.

F 8. [Junior Balkan MO 2016] Find all triplets of integers (a, b, c) such that the number following
N is a power of 2016:

N =
(a− b)(b− c)(c− a)

2
+ 2

F 9. Show that the number 1 . . . 1︸ ︷︷ ︸
1997 1’s

2 . . . 2︸ ︷︷ ︸
1998 2’s

5 is a perfect square.

F 10. Let m be a given positive integer. Find a positiver integer n written in terms of m such that
m+ n+ 1 is a perfect square and mn+ 1 is a perfect cube.

F 11. [Russian MO 1996] Which are there more of among the natural numbers from 1 to 1,000,000
inclusive: numbers that can be represented as the sum of a perfect square and a positive
perfect cube or numbers that cannot be?

F 12. Prove that the product of three consecutive integers can not be the power of an integer.
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10 Floor Function and Fractional Part

1. Convert 1.48 to decimal base.

2. Convert 987.1111111111 . . . to octal number base.

3. [Mandelbrot] How many positive integers less than 101 are multiples of either 5 or 7, but not
both at once?

4. [AMC 12 2010] The number obtained from the last two nonzero digits of 90! is equal to n.
What is n?

5. Let P be the product of the first 100 positive odd integers. Find the largest integer k such
that P is divisible by 3k.

6. [AIME 2007] The formula for converting a Fahrenheit temperature F to the corresponding
Celsius temperature C is C = 5

9
(F − 32). An integer Fahrenheit temperature is converted to

Celsius, rounded to the nearest integer, converted back to Fahrenheit, and again rounded to
the nearest integer.

For how many integer Fahrenheit temperatures between 32 and 1000 inclusive does the
original temperature equal the final temperature?

7. [HMMT 2017] Find the sum of all real numbers x for which

bb. . . bbbxc+ xc+ xc . . .c+ xc = 2017 and {{. . . {{{x}+ x}+ x} . . .}+ x} =
1

2017

where there are 2017 x’s in both equations. (bxc is the integer part of x, and {x} is the
fractional part of x.) Express your sum as a mixed number.

8. [AIME 2017] A rational number written in base eight has nonzero digits ab.cd. The same
number in base twelve is bb.ba. Find the base-ten number abc.

F 9. [HMMT 2018] There are two prime numbers p so that 5p can be expressed in the form bn2

5
c

for some positive integer n. What is the sum of these two prime numbers?

F 10. Find all positive integers n such that b n
√

111c divides 111.

F 11. Solve in R the equation bxbxcc = 1.

F 12. Prove that for any integer n, one can find an integers a and b such that n = ba
√

2c+ bb
√

3c.

F 13. [Hermite] Let n be a positive integer. Prove that for any real number x,

bnxc = bxc+

⌊
x+

1

n

⌋
+ . . .+

⌊
x+

n− 1

n

⌋
.
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11 Digits of Numbers

1. What is the units digit of 132018?

2. Consider 222
··
·2

, where there are 2018 twos including the base. What is the units digit of this
number?

3. [Mandelbrot] Find the last three digits of 9105.

4. [AMC 10 2006] Mr. Jones has eight children of different ages. On a family trip his oldest
child, who is 9, spots a license plate with a 4-digit number in which each of two digits appears
two times. ”Look, daddy!” she exclaims. ”That number is evenly divisible by the age of each
of us kids!” ”That’s right,” replies Mr. Jones, ”and the last two digits just happen to be my
age.” Which of the following is not the age of one of Mr. Jones’s children?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

5. Find the last two digits of 137.

6. [AMC 12 2007] A finite sequence of three-digit integers has the property that the tens and
units digits of each term are, respectively, the hundreds and tens digits of the next term, and
the tens and units digits of the last term are, respectively, the hundreds and tens digits of
the first term. For example, such a sequence might begin with the terms 247, 475, and 756
and end with the term 824. Let S be the sum of all the terms in the sequence. What is the
largest prime factor that always divides S?

7. [iTest 2007] Find the units digit of the sum
∑100

i=1(i!)
2.

8. [UNCO Math Contest 2009] Let Qn = 1n + 2n. For how many n between 1 and 100 inclusive
is Qn a multiple of 5?

9. For a positive integer n, let dn be the units digit of 1 + 2 + · · ·+n. Find the remainder when∑2017
n=1 dn is divided by 1000.

F 10. [HMMT 2007] Define the sequence of positive integers an recursively by a1 = 7 and an = 7an−1

for all n ≥ 2. Determine the last two digits of a2007.

F 11. [HMMT 2013] Find the rightmost non-zero digit of the expansion of (20)(13!).

F 12. [AIME 2006] Find the least positive integer such that when its leftmost digit is deleted, the
resulting integer is 1

29
of the original integer.

F 13. What is the final digit of (. . . (((77)7)7)7 . . .7) if there are 1001 sevens, 1000 of which are
exponents?
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12 Totient and Friends

1. [AMC 10 2011] What is the hundreds digit of 20112011?

2. Determine the respective unit digit of the numbers 31001 · 71002 · 131003.

3. Find all natural numbers n that divide 1n + 2n + . . .+ (n− 1)n.

4. Find all prime numbers that do not have any multiple ending in 2015.

5. [Mandelbrot 1994] Four hundred people are standing in a circle. You tag one person, then
skip k people, then tag another, skip k, and so on, continuing until you tag someone for the
second time. For how many positive values of k less than 400 will every person in the circle
get tagged at least once?

6. [AMC 10 2016] Let f(x) =
∑10

k=2(bkxc − kbxc), where brc denotes the greatest integer less
than or equal to r. How many distinct values does f(x) assume for x ≥ 0?

7. Find the value of
∑2015

x=1 gcd(x, 2015).

8. A repunit is a natural number whose digits are all 1. For instance, 1, 11, 111, 1111, . . . are the
four smallest repunits. How many digits are there in the smallest repunit divisible by 97?

9. Find all positive integers n such that 2n−1 | n.

10. Find all positive integers n such that n | (n− 1)!.

11. [AIME 2014] Find the number of rational numbers r, 0 < r < 1, such that when r is written
as a fraction in lowest terms, the numerator and the denominator have a sum of 1000.

12. [HMMT 2016] Let the sequence ai be defined as ai+1 = 2ai .Find the number of integers
1 ≤ n ≤ 1000 such that if a0 = n, then 100 divides a1000 − a1.

F 13. [St. Petersburg City MO 1998] Prove that the sequence generated by τ(n2 + 1) does not
become strictly increasing from any point onward as n increases through the natural numbers.

F 14. Find all four-digit numbers whose prime factorization has the property that the sum of the
prime factors is equal to the sum of the exponents.

F 15. [IMO 1972] Prove that (2m)!(2n)! is a multiple of m!n!(m+n)! for any non-negative integers
m and n.

13 Important Divisibility Results

1. Compute the following:
a) 713 (mod 11) b) 1440983213234123321 (mod 5)
c) 52017 (mod 13) d) 2100000 (mod 77)
e) 1515 + 4545 (mod 2015) f) (2016!− 2015!) (mod 2017)
g) 30! (mod 899) h) 20! (mod 23)

2. [AMC 12 2010] The number obtained from the last two nonzero digits of 90! is equal to n.
What is n?
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3. Find all primes p such that p divides 2p + 1.

4. Find all the natural numbers n for which 3 | (n2n + 1).

5. [AMC 10 2017] An integer N is selected at random in the range 1 ≤ N ≤ 2020. What is the
probability that the remainder when N16 is divided by 5 is 1?

6. [ARML 2002] Find a (mod 13) of 1 +
1

2
+

1

3
+ · · ·+ 1

23
=

a

23!
, where a is a natural number.

7. [AIME 1989] One of Eulers conjectures was disproved when it was found that there was a
positive integer such that 1335 + 1105 + 845 + 275 = n5. Find n.

8. If a googolplex is 1010100 , what day of the week will it be a googolplex days from now? Today
is Sunday.

F 9. Prove that pp+1 + (p+ 1)p is not a perfect square for any prime p.

F 10. [Sierpiński] Prove that for any positive integer s, there is a positive integer n such that s is
the sum of the digits of n and s | n.

F 11. Find the smallest number n such that 22005 | 17n − 1.

F 12. Prove that if p is an odd prime, then the remainder when (p − 1)! is divided by p(p − 1) is
p− 1.

14 Diophantine Equations

1. Show that if x and y are the solutions to the equation x2 − 2y2 = 1, then 6 | xy.

2. Travis is purchasing beverages for an upcoming party. He has 68 to spend. He can purchase
packs of cans for 12, or smaller packs of bottles for 8.00. How many ways are there for him
to purchase beverages if he spends all of his money?

3. Find how many integer solutions there are to 3x+ 5y = 11 such that x, y ∈ [−20, 20]?

4. [AHSME 1984] Find the number of triples (a, b, c) of positive integers which satisfy the
simultaneous equations

ab+ bc = 44

ac+ bc = 23.

5. Solve the equation 3x+ 4y + 5z = 6 for integer triples (x, y, z).

6. Solve in non-negative integers the equation x+ y + z + xyz = xy + yz + xz + 2.

7. [AIME 2008] Find the largest integer n satisfying the following conditions:

• n2 can be expressed as the difference of two consecutive cubes;

• 2n+ 79 is a perfect square.

8. Solve the equation 3xy + 4x+ 7y + 6 = 0 in integers.
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9. [PUMaC 2013] If p, q, and r are primes with pqr = 7(p+ q + r), find p+ q + r.

F 10. Find all triples of integers (x, y, z) such that x2(y − z) + y2(z − x) + z2(x− y) = 2.

F 11. [Bulgarian MO 1997] Solve x2 + y2 = 1997(x− y) in positive integers.

F 12. [Romanian TST for IMO 2000] Show that there exist infinitely many systems of positive
integers (x, y, z, t) that have no common divisor greater than 1 and such that x3+y3+z2 = t4.

F 13. Find all triples (x, y, z) of positive integers such that xy + yz + zx− xyz = 2.

F 14. Find the smallest value of n for which there exist positive integers x1, . . . , xn with x41 + . . .+
x4n = 1998.

15 Special Numbers

1. How many primes are perfect? Similarly for abundant and deficient.

2. [MATHCOUNTS] Using knowledge of abundant and deficient numbers:

(a) What is the least possible sum of two distinct abundant numbers that is not an abundant
number?

(b) What is the least possible two-digit sum of two distinct deficient numbers that is not
deficient?

(c) What is the least possible sum of an abundant number and a deficient number that is
not abundant?

(d) What is the least possible abundant number that can be written as the sum of two
abundant numbers in exactly four ways?

3. Find a natural number greater than 1 that is a divisor of all four-digit palindromes.

4. Find the smallest three-digit palindrome that is an abundant number.

5. [MATHCOUNTS] What is the largest four-digit palindrome that is the sum of two different
three-digit palindromes?

6. [ARML 2002] Suppose that palindromes with n digits are formed using only the digits 1 and
2 and that each palindrome contains at least one of each digit. Compute the least value of
n such that the number of palindromes exceeds 2002.

7. [AMC 12 2010] A palindrome between 1000 and 10, 000 is chosen at random. What is the
probability that it is divisible by 7?

F 8. Show that all perfect powers of primes are deficient.

F 9. Show that if n is either perfect or abundant then every positive multiple of n that is greater
than n is also abundant.

F 10. Prove that if n is an even perfect number then 8n+ 1 is a perfect square.

F 11. [250 Problems in Elem. NT 1970] Prove that the equation xy + x+ y = 232 has solutions in
positive integers x, y, and there exists only one solution with x ≤ y.
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