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Introduction

Many geometry problem-solving techniques which apply the physical principle center of mass
to geometry problems. These problems often involve triangles with intersecting cevians. The
techniques covered in this handout will involve mass point geometry and vectors, but many
of the listed problems can also be solved using either similar triangles or area ratios.

Mass Point Definitions

The method of mass points was initially developed for elementary geometry in the 1960s by New
York high school students. However, the concept was used as early as 1827 by August Ferdinand
Möbius in his theory of homogeneous coordinates.

The essential idea behind the technique is that length ratios on a line can be represented in
physical terms as points with corresponding masses. The ratio of these masses will determine the
location of the center of mass. One can envision this process similarly to a see-saw, or trying to
balance a pencil on one’s finger.

Definition 1. A mass point is a pair (m,P ), also written as mP , including a mass, m, and an
ordinary point, P on a plane.

Definition 2. We say that two points mP and nQ coincide if and only if m = n and P = Q.

Definition 3. The sum of two mass points mP and nQ has mass m + n and point R where R
is the point on line PQ such that PR

RQ
= n

m
. In other words, R is the fulcrum point that perfectly

balances the points P and Q. Mass point addition is closed, commutative, and associative.

Figure 1: The sum 2P + 1Q = 3R

Definition 4. Given a mass point mP and a positive real scalar k, we define multiplication to
be k(m,P ) = (km,P ). Mass point scalar multiplication is distributive over mass point addition.
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Mass Point Methods

Mass points are most useful in triangles with concurrent cevians or transversals that intersect
cevians. Occasionally, cevian problems might also ask for area ratios or to generalize to higher
dimensions. We cover each of these situations in turn.

Concurrent Cevians: First, a point is assigned with a mass (often a whole number, but it
depends on the problem) in the way that other masses are also whole numbers. The principle of
calculation is that the foot of a cevian is the addition (defined above) of the two vertices (they
are the endpoints of the side where the foot lie). For each cevian, the point of concurrency is the
sum of the vertex and the foot. Each length ratio may then be calculated from the masses at the
points.

Example 1. In triangle ABC, E is on AC so that CE = 3AE and F is on AB so that
BF = 3AF . If BE and CF intersect at O and line AO intersects BC at D, compute OB

OE

and OD
OA

.

Solution. We may arbitrarily assign the mass of point A to be 3. By ratios of lengths, the
masses at B and C must both be 1. By summing masses, the masses at E and F are both
4. Furthermore, the mass at O is 4 + 1 = 5, making the mass at D have to be 5 − 3 = 2.

Therefore OB
OE

= 4 and OD
OA

= 3
2

.
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Splitting masses: Splitting masses is the slightly more complicated method necessary when
a problem contains transversals in addition to cevians. Any vertex that is on both of the sides the
transversal crosses will have a split mass. A point with a split mass may be treated as a normal
mass point, except that it has three masses: one used for each of the two sides it is on, and one
that is the sum of the other two split masses and is used for any cevians it may have.

Example 2. In triangle ABC, D, E, and F are on BC, CA, and AB, respectively, so that
AE = AF = CD = 2, BD = CE = 3, and BF = 5. If DE and CF intersect at O, compute
OD
OE

and OC
OF

.

Solution. As this problem involves a transversal, we must use split masses on point C. We
may arbitrarily assign the mass of point A to be 15. By ratios of lengths, the mass at B
must be 6 and the mass at C is split 10 towards A and 9 towards B. By summing masses, we

get the masses at D, E, and F to be 15, 25, and 21, respectively. Therefore OD
OE

= 25
15

= 5
3

and OC
OF

= 21
10+9

= 21
19

.

The next example covers a combination of the two methods.
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Example 3. In triangle ABC, points D and E are on sides BC and CA, respectively, and
points F and G are on side AB with G between F and B. BE intersect CF at point O1 and
BE intersects DG at point O2. If FG = 1, AE = AF = DB = DC = 2, and BG = CE = 3,
compute O1O2

BE
.

Solution. This problem involves two central intersection points, O1 and O2, so we must use
multiple systems.

For the first system, we will choose O1 as our central point, and we may therefore ignore
segment DG and points D, G, and O2. We may arbitrarily assign the mass at A to be 6, and
by ratios of lengths the masses at B and C are 3 and 4, respectively. By summing masses,
we get the masses at E, F , and O1 to be 10, 9, and 13, respectively. Therefore, EO1

BO1
= 3

10

and EO1

BE
= 3

13
.

For the second system, we will choose O2 as our central point, and we may therefore ignore
segment CF and points F and O1. As this system involves a transversal, we must use split
masses on point B. We may arbitrarily assign the mass at A to be 3, and by ratios of lengths,
the mass at C is 2 and the mass at B is split 3 towards A and 2 towards C. By summing
masses, we get the masses at D, G, and O2 to be 4, 6, and 10, respectively. Therefore,
BO2

EO2
= 5

3+2
= 1 and BO2

BE
= 1

2
.

We now know all the ratios necessary to put together the ratio we are asked for. The final

answer may be found as O1O2

BE
= BE−BO2−EO1

BE
= 1− BO2

BE
− EO1

BE
= 1− 1

2
− 3

13
= 7

26
.
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Further Methods

Many problems involving triangles with cevians will ask for areas, and mass points does not provide
a method for calculating areas. However, Routh’s theorem, which goes hand in hand with mass
points, uses ratios of lengths to calculate the ratio of areas between a triangle and a triangle formed
by three cevians.

Theorem 1 (Routh’s Theorem). In triangle ABC, points D, E, and F lie on segments BC, CA,
and AB, then writing CD

BD
= x, AE

CE
= y, and BF

AF
= z, the signed area of the triangle formed by the

cevians AD, BE, and CF is

[ABC]
(xyz − 1)2

(xy + y + 1)(yz + z + 1)(zx+ x+ 1)

where [ABC] is the area of triangle ABC.

Proof. Suppose that the area of triangle ABC is 1. For triangle ABD and line FRC using
Menelaus’s theorem, We could obtain:

AF

FB
· BC
CD
· DR
RA

= 1.

Then DR
RA

= BF
FA
· DC
CB

= zx
x+1

. So the area of triangle ARC is:

[ARC] =
AR

AD
[ADC] =

AR

AD
· DC
BC
· [ABC] =

x

zx+ x+ 1
.

Similarly, we could know: [BPA] = y
xy+y+1

and [CQB] = z
yz+z+1

. Thus the area of triangle PQR
is:

[PQR] = [ABC]− [ARC]− [BPA]− [CQB]

= 1− x

zx+ x+ 1
− y

xy + y + 1
− z

yz + z + 1

=
(xyz − 1)2

(xz + x+ 1)(yx+ y + 1)(zy + z + 1)
.

Note. This theorem was given by Edward John Routh on page 82 of his Treatise on Analytical
Statics with Numerous Examples in 1896. The particular case x = y = z = 2 has become
popularized as the one-seventh area triangle. The x = y = z = 1 case implies that the three
medians are concurrent (through the centroid).
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When given cevians with special properties, like an angle bisector or an altitude, other theorems
may be used alongside mass point geometry that determine length ratios. One very common
theorem used likewise is the angle bisector theorem and its generalization the Ratio Lemma.

Theorem 2 (Ratio Lemma). In triangle ABC, let D be a point on BC. Let the lengths AC = b,
AB = c, BD = m, and CD = n. If ∠BAD = α and ∠CAD = β then

BD

CD
=
AB sinα

AC sin β
=
c sinα

b sin β
.

Proof. By the Law of Sines on 4ACD we have

sin β

CD
=

sin∠CDA
AC

,

and LoS on 4ABD gives

sinα

BD
=

sin(180◦ − ∠CDA)

AB
=

sin∠CDA
AB

.

Dividing the first equation by the second and rearranging gives the desired result.

Note. When AD is an angle bisector, α = β so sinα = sin β cancel, which gives the angle bisector
theorem.

When asked not for the ratios of lengths but for the actual lengths themselves, Stewart’s
theorem may be used to determine the length of the entire segment, and then mass points may be
used to determine the ratios and therefore the necessary lengths of parts of segments.

Theorem 3 (Stewart’s Theorem). Given a triangle 4ABC with sides of length a, b, c opposite
vertices are A, B, C, respectively. If cevian AD is drawn so that BD = m, DC = n and AD = d,
we have that b2m+ c2n = amn+ d2a. This is also often written man+ dad = bmb+ cnc.
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Proof. Let θ be the angle between m and d and θ′ the angle between n and d. Then θ′ is the
supplement of θ, and so and cos θ′ = − cos θ. Applying the law of cosines in the two small triangles
using angles θ and θ′ produces

c2 = m2 + d2 − 2dm cos θ.

b2 = n2 + d2 − 2dn cos θ′

= n2 + d2 + 2dn cos θ.

Multiplying the first equation by n and the second equation by m and adding them eliminates cos
. One obtains

b2m+ c2n

= nm2 + n2m+ (m+ n)d2

= (m+ n)(mn+ d2)

= a(mn+ d2).

which is the required equation. Alternatively, the theorem can be proven by drawing a perpendic-
ular from the vertex of the triangle to the base and using the Pythagorean theorem to write the
distances b, c, and d in terms of the altitude. The left and right hand sides of the equation then
reduce algebraically to the same expression.

The methods involved in mass point geometry are not limited to two dimensions; the same
methods may be used in problems involving tetrahedra, or even higher-dimensional shapes, though
it is rare that a problem involving four or more dimensions will require use of mass points.

Problems

1. Let ABC be a triangle with angle bisector AD where D is on line segment BC. If BD = 2,
CD = 5, and AB + AC = 10, find the lengths of AB and AC.

2. In triangle ABC, let P be a point on BC and let AB = 20, AC = 10, BP = 20
√
3

3
, and

CP = 10
√
3

3
. Find the value of ∠BAP − ∠CAP .

3. In 4ABC, AB = 10, BC = 8, and AC = 12. Let D be a point on side AB such that CD is
the angle bisector of ∠C. Find the lengths of AD and CD.

4. Let the area of4ABC be 35 and let D, E, and F be points on BC, AC, and AB, respectively,
such that CD = 2BD, AE = 2CE, and BF = 2AF . Find the area of 4PQR.

5. In 4ABC, point D is on BC such that CD = 3BD and E is the midpoint of AD such that
CE =

√
7 and BE = 3. Find the area of 4ABC.

6. Let ABCD be a square and let E and F be points on AB and BC, respectively. The line
through E parallel to BC and the line through F parallel to AB divide ABCD into two
squares and two non-square rectangles. The sum of the areas of the two squares is 9

10
the

area of ABCD. Find AE
EB

+ EB
AE

.
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Vectors and Masses

In some cases algebraic manipulations on vectors lead to short proofs of key theorems where
geometric proofs might require much more work. The basic concepts of vectors and masses and
see can be applied to numerous different problems.

Theorem 4. Let A1, A2, . . . , An be points (in the plane or in three dimensional space) and let
m1,m2, . . . ,mn be real numbers, whose sum m = m1 + m2 + . . . + mn is not equal to 0. Let
moreover O be any point. Then the position of point S determined by

−→
OS =

n∑
i=1

mi

m
·
−−→
OAi

is independent of the choice of point O.

Proof. In this case, we often simplify notation and write

S =
n∑

i=1

mi

m
Ai.

The point S determined this way is called the center of mass, or center of gravity, of the system
of mass points (m1, A1), . . . , (mn, An). The center of mass is uniquely determined by a system of
mass points and is invariant of the external point O not in the system.

Let us re-examine Definition 3 now with the context of vectors. Let n = 2 and A1 and
A2 be different points with respective real number masses m1 and m2. We also let their sum
m = m1 +m2 6= 0. Then the point

S =
m1

m
A1 +

m2

m
A2

lies on the line A1A2 and its position is determined by one of the equalities∣∣∣−−→A1S
∣∣∣∣∣∣−−−→A1A2

∣∣∣ =
m2

m
,

∣∣∣−−→A2S
∣∣∣∣∣∣−−−→A1A2

∣∣∣ =
m1

m
.

Moreover, given points A1 and A2, two different pairs of masses (m1,m2) and (m′1,m
′
2) deter-

mine the same center of mass S if and only if (m′1,m
′
2) = (km1, km2) for some real constant k.

Therefore, we call all pairs (km1, km2), as k varies over the reals, “proportional pairs” (m1 : m2).

Theorem 5. Let A, B, C, and D be any points in three dimensional space or lower. Points K,
L, M , and N lie on segments AB, BC, CD, and DA, respectively, and

AK

KB
=
DM

MC
= a and

BL

LC
=
AN

ND
= b.

Then segments KM and LN intersect at point S and

NS

SL
= a and

KS

SM
= b.

Theorem 6. Let A1, A2, and A3 be three non-collinear points in the plane and set

S =
m1

m
A1 +

m2

m
A2 +

m3

m
A3

where m = m1 + m2 + m3 6= 0. Then the intersection point X of lines A1A2 and A3S can be
written as

X =
m1

m1 +m2

A1 +
m2

m1 +m2

A2.
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Barycentric Coordinates

Let A1, A2, and A3 be three non-collinear points in the plane. Then any point S in the plane can
be represented as the center of mass of mass points (m1, A1), (m2, A2), and (m3, A3). In other
words,

S =
m1

m
A1 +

m2

m
A2 +

m3

m
A3

for some real numbers m1, m2, and m3, whose sum m is not equal to 0.
Keeping A1, A2, and A3 fixed, if (m1,m2,m3) and (m′1,m

′
2,m

′
3) yields the same center of mass

S then (m′1,m
′
2,m

′
3) = (km1, km2, km3) for some real number k.

Definition 5. If we identify the triples above as one “proportional triple” (m1 : m2 : m3), we
obtain the barycentric coordinates of point S with respect to A1, A2, and A3.

Theorem 7. Let A1, A2, and A3 be three non-collinear points in the plane and let X be any point
in the plane. Then the barycentric coordinates (m1 : m2 : m3) of point X with respect to triangle
A1A2A3 can be obtained from

m1 = S(A2XA3), m2 = S(A1XA3), m3 = S(A1XA2)

where S(XY Z) denotes the directed area of triangle XY Z.

Example 4. Find the barycentric coordinates in triangle ABC of

• the centroid G,

• the reflection of any vertex about the midpoint of the opposite side X,

• the incenter I,

• the circumcenter O.

Solution. Note that GA, GB, and GC are the medians and they divide ABC into three

triangles with equal area. Thus, G = (1 : 1 : 1) .

Note that the triangle formed by the reflection will have a negative directed area equal
in magnitude to the area of ABC. Depending on the vertex reflected, we could have

X = (−1 : 1 : 1), (1 : −1 : 1), or (1 : 1 : −1) .

Calculate the areas of the triangles formed by the angle bisectors IA, IB, and IC. Recall
that the incenter I is also the center of the incircle with radius r. Triangle ABC has side

lengths a, b, and c. Thus, our areas are 1
2
ra, 1

2
rb, and 1

2
rc giving I = (a : b : c) .

Calculate the areas of the triangles formed by the circumradii OA, OB, and OC. Note that
these are 1

2
R2 sin(2∠A), 1

2
R2 sin(2∠B), and 1

2
R2 sin(2∠C) by the inscribed angle theorem,

so O = (sin(2∠A), sin(2∠B), sin(2∠C) .
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The Complete Quadrilateral

Four lines in general position (no two are parallel, no three pass through a point) define six
points. The configuration of the six points and the connecting line segments that belong to the
given lines is known as a complete quadrilateral. In addition, the points could be split into
three pairs such that the connecting segments do not belong to any of the given lines. These three
segments are called diagonals of the quadrilateral.

Theorem 8 (Newton-Gauss Line). Let ABCD be a convex quadrilateral with at most two parallel
sides. Set P = AB ∩ CD and Q = BC ∩DA. Let H be the midpoint of AB, J be the midpoint
of AD, G be the midpoint of DC, and I be the midpoint of CB. The midpoints of segments AC,
BD, JI, and PQ are collinear on the Newton-Gauss line. That is, the midpoints of the diagonals
of a complete quadrilateral are collinear.

Remark. H, K, and G are also collinear by Theorem 5.

Figure 2: Line EKF is the Newton-Gauss line. Here, PQ is not pictured.

Two proofs of the Newton-Gauss line can be found at Cut the Knot. The first of these proofs
involves the theorem Euclid I.43.

Note. A stronger theorem asserts that the three circles constructed on the diagonals of a complete
quadrilateral as diameters are coaxal. That is, not only are the centers of the three circles collinear,
but the circles taken two by two also share a radical axis. This is known as the Gauss-Bodenmiller
theorem.

The line segments GH and IJ that connect the midpoints of opposite sides are called the
bimedians of a convex quadrilateral. They intersect at point K that lies on the Newton line.
This point K bisects the line segment EF that connects the diagonal midpoints. We now present
from key results of the Newton-Gauss line.
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Theorem 9 (Anne’s Theorem). Let ABCD be a convex quadrilateral with diagonals AC and BD,
that is not a parallelogram. Furthermore let E and F be the midpoints of the diagonals and L be
an arbitrary point in the interior of ABCD. L forms four triangles with the edges of ABCD. If
the two sums of areas of opposite triangles are equal, [BCL] + [DAL] = [LAB] + [DLC], then
the point L is located on the Newton-Gauss line that connects E and F .

This theorem is named after the French mathematician Pierre-Leon Anne. For a parallelo-
gram, the Newton line does not exist since both midpoints of the diagonals coincide with point of
intersection of the diagonals. Moreover the area identity of the theorem holds in this case for any
inner point of the quadrilateral. The converse of Anne’s theorem is true as well, that is for any
point on the Newton line which is an inner point of the quadrilateral, the area identity holds.

Corollary. By Anne’s theorem and its converse, any interior point P on the Newton line of a
quadrilateral ABCD has the property that

[ABP ] + [CDP ] = [ADP ] + [BCP ].

If the quadrilateral is a tangential quadrilateral, then its incenter also lies on this line. This
is known as Newton’s theorem, and it easily follows from an application of Anne’s theorem and
Pitot’s theorem on equal tangents.

Theorem 10 (Newton’s Theorem). Let ABCD be a tangential quadrilateral with at most one
pair of parallel sides. Furthermore, let E and F be the midpoints of its diagonals AC and BD
and let P be the center of its incircle. Given such a configuration, the point P is located on the
Newton-Gauss line EF .
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Vectors and Masses Problems

1. Let A, B, C, D, and E be any points in three dimensional space. Points K, L, M , and N
are the midpoints of segments AB, BC, CD, and DE, respectively in ABCDE. Points P
and Q are the midpoints of KM and NL, respectively. Prove that lines PQ and AE are
parallel and PQ = 1

4
AE.

2. Let A, B, C, and D be any points in three dimensional space. Points K and L lie on the
segments AB and CD, respectively, and satisfy

AK

KB
=
CL

LD
=

1

2
.

Point N is symmetric to D with respect to A and point M is symmetric to B with respect
to C. Prove that lines KL and MN are parallel.

3. Prove that the four lines joining each vertex of a tetrahedron with the centroid of the opposite
face intersect at the centroid of the tetrahedron. Moreover, prove that the the three lines
joining the midpoints of the opposite edges of the tetrahedron pass through the centroid of
the tetrahedron. Here, opposite means the edges do not share a face.

4. Let SABCD be a pyramid whose base ABCD is a parallelogram. Points K, L, and M lie
on edges SA, SB, and SC, respectively, and satisfy

SK

KA
=

1

3
,

SL

LB
=

1

2
,

SM

MC
=

1

4
.

Plane KLM intersects edge SD at point N . Determine the ratio SN
ND

.

5. Let ABC be a triangle. Points L and M lie on side BC and satisfy BM = ML = LC.
Points K and L lie on sides AB and AC, respectively, and satisfy

AK

KB
=

2

3
,

AN

NC
=

1

4
.

Line segments KL and MN meet at S. Determine the ratio KS
SL

.

6. The incircle of convex quadrilateral ABCD touches sides AB, BC, CD, and DA at points
K, L, M , and N , respectively. Set S = KM ∩ LN . Knowing that AK = a, BL = b,
CM = c, and DN = d, determine KS

SM
and LS

SN
in terms of those variables.
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7. Each side of a convex quadrilateral of area 1 is divided into three segments of equal lengths.
The corresponding points are connected so that a “crooked chessboard” has been formed.
Determine the area of the central shaded region.

8. Let ABC be a triangle with AC = BC and let M be a point inside triangle ABC such that
CM ⊥ AB. A variable line ` passes through M and intersects segments AC and BC at
points X and Y , respectively. Prove that the value of the expression

1

XC
+

1

Y C

does not depend on the choice of line `.

9. Let ABCD be a tetrahedron and let S be the centroid of triangle ABC. Let M be a point
on segment SD. A plane passing through M intersects the edges AD, BD and CD at points
X, Y , and Z, respectively. Prove that

AX

XD
+
BY

Y D
+
CZ

ZD
= 3

MS

MD
.
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The Scalar Product

Many problems deal with perpendicular lines, and these are prime targets for using the scalar
product, or dot product.

Definition 6. Let vectors ~v = (v1, v2, v3) and ~w = (w1, w2, w3) be in three dimensional (or lower)
space. We define the scalar product 〈~v, ~w〉, or ~v · ~w, to be

〈~v, ~w〉 = ~v · ~w = v1w1 + v2w2 + v3w3.

When the vectors are in two dimensional space then v3 and w3 are 0. In higher dimensional
space, more coordinates are needed to represent the vectors. We have the following properties of
the scalar product:

• 〈~v,~v〉 = |~v|2

• (Commutative) 〈~v, ~w〉 = 〈~w,~v〉

• (Scalar Multiplication Associates) k〈~v, ~w〉 = 〈k~v, ~w〉 = 〈~v, k ~w〉

• 〈~v + ~w, ~z〉 = 〈~v, ~z〉+ 〈~w, ~z〉

Definition 7. Let θ be the angle between two vectors ~v and ~w. An equivalent definition of the
scalar product is

〈~v, ~w〉 = |~v||~w| cos θ.

Theorem 11. Two vectors ~v and ~w are perpendicular (orthogonal) if and only if 〈~v, ~w〉 = 0.

Proof. From the definition we can see that orthogonality implies θ = 90◦, and cos θ = 0.

Theorem 12. Let ~w be a vector in the plane, and let ` be a line. Let ~e` be a vector of length 1
parallel to `. This is called a unit vector. Let ~w` be the orthogonal projection of vector ~w
onto line `. Then

~w` = 〈~w, ~e`〉~e`

Definition 8. Let (m1, A1), (m2, A2), . . . , (mn, An) be a system of mass points in three dimensional
space with m = m1 +m2 + . . .+mn 6= 0. Moreover, let X be any point. We define the moment
of inertia of point X with respect to the given system of mass points by

IX =
n∑

i=1

mi

∣∣∣−−→XAi

∣∣∣2
Theorem 13 (Steiner’s Formula/Parallel Axis Theorem). Let (m1, A1), (m2, A2), . . . , (mn, An) be
a system of mass points in three dimensional space with m = m1 + m2 + . . . + mn 6= 0. Let S be
the center of mass of this system and let X be any point. We have

IX = IS +m
∣∣∣−→XS∣∣∣2 .
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Scalar Product Problems

1. (Parallelogram Law) If a and b are the side lengths of a parallelogram and c and d are its
diagonal lengths, then prove that 2a2 + 2b2 = c2 + d2.

2. Let ABC be an acute-angled triangle, and let O and I be its circumcenter and incenter,
respectively. Point X lies on line OI. Let D, E, and F be the feet of the perpendiculars
from X onto segments BC, CA, and AB, respectively. Prove that BD +CE +AF is equal
to the half of the perimeter of triangle ABC.

3. Let ABC be an equilateral triangle. Determine all points X in the plane of triangle ABC,
such that XA2 +XB2 = XC2.

4. Let A, B, C, and D be any points in three dimensional space. Moreover, let M and N be
the midpoints of AC and BD, respectively. Prove that

AB2 +BC2 + CD2 +DA2 = AC2 +BD2 + 4MN2.

5. Let ABC be a triangle and O its circumcenter. Prove that point H determined by

−−→
OH =

−→
OA+

−−→
OB +

−→
OC

is the orthocenter of triangle ABC. Moreover, prove that the centroid S of triangle and
points O, H are collinear. This line is called the Euler line.

6. Let ABC be an equilateral triangle and let X be any point lying inside triangle ABC. Let D,
E, and F be the feet of the perpendiculars from X onto lines BC, CA, and AB, respectively.
Prove that BD + CE + AF is equal to the half of the perimeter of triangle ABC.

7. Let A1A2 . . . Ak be a convex polygon. Denote by ni the vector of length 1 orthogonal to line
AiAi+1 directed towards the outside of the polygon (we assume An+1 = A1). Moreover, let
X be a point lying inside the polygon. Prove that the sum of the distances from point X to
lines AiAi+1 does not depend on the choice of point X if and only if

n1 + n2 + . . .+ nk = 0.

8. Let ABC and DEF be equilateral triangles with a common center. Prove that for any point
X,

XA2 +XB2 +XC2 = XD2 +XE2 +XF 2.

9. Let ABC be a triangle. Determine all points X such that

XA2 +XB2 +XC2

attains the minimal value.

10. Let ABC be a triangle with BC = a, CA = b, AB = c. Determine all points X such that

a ·XA2 + b ·XB2 + c ·XC2

attains the minimal value.
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11. Let ABCD be a regular tetrahedron. Determine the set of all points X, lying in three
dimensional space, such that

2(XA2 +XB2 +XC2) = 3XD2.

12. Let ABC be an acute-angled triangle. Moreover, let X be a point lying inside the triangle.
Lines AX, BX, and CX intersect the circumcircle of triangle ABC at point D, E, and F ,
respectively. Determine all points X such that

AX

XD
+
BX

XE
+
CX

XF
= 3.

Competition Problems

1. [IMO 1959] An arbitrary point M is selected in the interior of the segment AB. The squares
AMCD and MBEF are constructed on the same side of AB, with the segments AM and
MB as their respective bases. The circles about these squares, with respective centers P and
Q, intersect at M and also at another point N . Let N ′ denote the point of intersection of
the straight lines AF and BC. Prove that the points N and N ′ coincide, that the straight
lines MN pass through a fixed point S independent of the choice of M , and find the locus
of the midpoints of the segments PQ as M varies between A and B.

2. [AIME 1985] As shown in the figure, triangle ABC is divided into six smaller triangles by
lines drawn from the vertices through a common interior point. The areas of four of these
triangles are as indicated. Find the area of triangle ABC.

3. [AIME 1988] Let P be an interior point of triangle ABC and extend lines from the vertices
through P to the opposite sides. Let a, b, c, and d denote the lengths of the segments
indicated in the figure. Find the product abc if a+ b+ c = 43 and d = 3.
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4. [AIME 1989] Point P is inside 4ABC. Line segments APD, BPE, and CPF are drawn
with D on BC, E on AC, and F on AB (see the figure below). Given that AP = 6, BP = 9,
PD = 6, PE = 3, and CF = 20, find the area of 4ABC.

5. [AIME 1992] In triangle ABC , A′, B′, and C ′ are on the sides BC, AC , and AB , respectively.
Given that AA′, BB′, and CC ′ are concurrent at the point O, and that AO

OA′ + BO
OB′ + CO

OC′ = 92,
find AO

OA′ · BO
OB′ · CO

OC′ .

6. [AIME I 2001] Triangle ABC has AB = 21, AC = 22 and BC = 20. Points D and E are
located on AB and AC, respectively, such that DE is parallel to BC and contains the center
of the inscribed circle of triangle ABC. Then DE = m/n, where m and n are relatively
prime positive integers. Find m+ n.

7. [AMC 10B 2004] In 4ABC points D and E lie on BC and AC, respectively. If AD and BE
intersect at T so that AT

DT
= 3 and BT

ET
= 4, what is CD

BD
?

8. [AIME I 2009] In parallelogram ABCD, point M is on AB so that AM
AB

= 17
1000

and point N

is on AD so that AN
AD

= 17
2009

. Let P be the point of intersection of AC and MN . Find AC
AP

.

9. [AIME I 2009] Triangle ABC has AC = 450 and BC = 300. Points K and L are located on
AC and AB respectively so that AK = CK, and CL is the angle bisector of angle C. Let
P be the point of intersection of BK and CL, and let M be the point on line BK for which
K is the midpoint of PM . If AM = 180, find LP .

10. [AIME II 2011] In triangle ABC, AB = 20
11
AC. The angle bisector of ∠A intersects BC

at point D, and point M is the midpoint of AD. Let P be the point of the intersection of

AC and BM . The ratio of CP to PA can be expressed in the form
m

n
, where m and n are

relatively prime positive integers. Find m+ n.

11. [AMC 10B 2013] In triangle ABC, medians AD and CE intersect at P , PE = 1.5, PD = 2,
and DE = 2.5. What is the area of AEDC?
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12. [PUMaC 2013] Suppose you have a sphere tangent to xy-plane with its center having positive
z-coordinate. If it is projected from a point P = (0, b, a) to the xy-plane, it gives the conic
section y = x2. If we write a = pq where p, q are integers, find p+ q.

13. [PUMaC 2013] On a circle, points A,B,C,D lie counterclockwise in this order. Let the or-
thocenters of ABC,BCD,CDA,DAB be H, I, J,K respectively. Let HI = 2, IJ = 3, JK =
4, KH = 5. Find the value of 13(BD)2.

14. [PUMaC 2013] Three chords of a sphere, each having length 5, 6, 7, intersect at a single point
inside the sphere and are pairwise perpendicular. For R the minimum possible radius of the
sphere, find R2.

15. [HMMT 2019] In a rectangular box ABCDEFGH with edge lengths AB = AD = 6 and
AE = 49, a plane slices through point A and intersects edges BF,FG,GH,HD at points
P,Q,R, S respectively. Given that AP = AS and PQ = QR = RS, find the area of pentagon
APQRS.
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