
Combinatorics Problem Set
Math Circle Competition Team

1 Basic Counting Techniques

1. How many ways can a 7-character license plate be made if the letter O is not allowed, the
first character must be a numerical digit, the second character must be a letter, and the
remaining five characters can be either digits or letters?

2. In a 4×4 grid of dots, how many rectangles can be made from four dots with sides all parallel
to the sides of the grid?

3. How many of the factorials from 1! to 100! are divisible by 9?

4. How many four digit numbers have no repeat digits, do not contain zero, and have a sum of
digits equal to 28?

5. [Alabama ARML TST 2007] How many positive 5-digit odd integers are palindromes?

6. [iTest 2007] How many lattice points lie within or on the border of the circle in the xy-plane
defined by the equation x2 + y2 = 100?

7. [AMC 10 2005] How many positive cubes divide 3! · 5! · 7! ?

8. [AMC 10 2006] How many four-digit positive integers have at least one digit that is a 2 or a
3?

9. [AMC 10 2006] A license plate in a certain state consists of 4 digits, not necessarily distinct,
and 2 letters, also not necessarily distinct. These six characters may appear in any order,
except that the two letters must appear next to each other. How many distinct license plates
are possible?

10. [AMC 12 2007] The first 2007 positive integers are each written in base 3. How many of
these base-3 representations are palindromes? A palindrome is a number that reads the same
forward and backward.

11. [AMC 12 2008] Postman Pete has a pedometer to count his steps. The pedometer records
up to 99999 steps, then flips over to 00000 on the next step. Pete plans to determine his
mileage for a year. On January 1 Pete sets the pedometer to 00000. During the year, the
pedometer flips from 99999 to 00000 forty-four times. On December 31 the pedometer reads
50000. Pete takes 1800 steps per mile. Which of the following is closest to the number of
miles Pete walked during the year?

12. [AMC 12 2013] Rabbits Peter and Pauline have three offspring: Flopsie, Mopsie, and Cotton-
tail. These five rabbits are to be distributed to four different pet stores so that no store gets
both a parent and a child. It is not required that every store gets a rabbit. In how many
different ways can this be done?
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2 Permutations

1. You are given three digits: 1, 2, and 3. Each digit can only be used once. How many different
three-digit numbers can be formed using these digits?

2. You are given four digits: 2, 3, 4, and 5. Each digit can only be used once. How many
different two-digit numbers can be formed using these digits?

3. You are given four letters: A, B, C, and D. Each letter can only be used once. How many
different three-letter codes can be formed using these letters?

4. Compute the following:
a) P (8, 3) b) P (20, 4)
c) P (30, 1) d) P (6, 5)
e) P (50, 3)

5. 12 balls numbered 1 through 12 are places in a bin. How many ways can 3 balls be drawn,
in order, from the bin if:

• no ball is replaced after being drawn?

• every ball is replaced after being drawn?

• the first ball is replaced but the second ball is not replaced after being drawn?

6. Brooke, Aaron, Rohin, Luci, and Matthew want to take a photo in which three of the five
coworkers are lined up in a row. How many different photos are possible?

7. [AIME 2011] There are N permutations (a1, a2, ..., a30) of 1, 2, . . . , 30 such that for m ∈
{2, 3, 5}, m divides an+m − an for all integers n with 1 ≤ n < n + m ≤ 30. Find the
remainder when N is divided by 1000.

8. [AIME 2013] Melinda has three empty boxes and 12 textbooks, three of which are mathe-
matics textbooks. One box will hold any three of her textbooks, one will hold any four of her
textbooks, and one will hold any five of her textbooks. If Melinda packs her textbooks into
these boxes in random order, the probability that all three mathematics textbooks end up
in the same box can be written as m

n
, where m and n are relatively prime positive integers.

Find m + n.

F 9. Simplify P (n, k) · P (n− k, j) where n, k, and j are integers such that k ≤ n and j ≤ n− k?
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3 Overcounting, Symmetry, and the Pigeonhole Principle

1. Show that among any 4 numbers one can find 2 numbers so that their difference is divisible
by 3.

2. How many ways can 15 people be seated at a round table if B refuses to sit next to A?

3. There are 13 squares of side length 1 positioned inside a circle of radius 2. Show that at least
2 of the squares have a common point.

4. There is a row of 35 chairs. Find the minimum number of chairs that must be occupied such
that there are some consecutive set of 4 chairs or more occupied.

5. Suppose there are 5 different types of ice cream you like. How many random samples of ice
cream must be eaten to guarantee that you have had at least 7 samples of one type?

6. The Smith family has 4 sons and 3 daughters. How many ways can they be seated in a row
of 7 chairs such that at least 2 boys are next to each other?

7. There are ten students divided into three classes, the first with five students, the second with
three students, and the third with two students. Calculate the number of ways to make this
division.

8. How many arrangements of n rooks on an n×n chessboard are there such that every column
and every row contain exactly one rook (that is, such that the rooks do not attack each
other)? How many of these are centrally symmetric?

9. [AMC 10 2013] Central High School is competing against Northern High School in a backgam-
mon match. Each school has three players, and the contest rules require that each player
play two games against each of the other school’s players. The match takes place in six
rounds, with three games played simultaneously in each round. In how many different ways
can the match be scheduled?

F 10. Show that for any irrational x ∈ R and positive integer n, there exists a rational number p
q

with 1 ≤ q ≤ n such that
∣∣∣x− p

q

∣∣∣ < 1
nq
.

F 11. [MOP 2006] There are 51 senators in a senate. The senate needs to be divided into n
committees such that each senator is on exactly one committee. Each senator hates exactly
three other senators. Note that if senator A hates senator B, then senator B does not
necessarily hate senator A. Find the smallest n such that it is always possible to arrange the
committees so that no senator hates another senator on his or her committee.
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4 Combinations

1. At a chess competition each participant plays all the others once, and the organizer (who is
not a participant) plays some of the participants afterwards. A total of 100 games have been
played. How many participants were there?

2. Find the coefficient of x2yz3 in (x + y + z)6.

3. 15 students join a summer course. Every day, three students are on duty after school to
clean the classroom. After the course, it was found that every pair of students has been on
duty together exactly once. How many days does the course last for?

4. How many positive integers less than 1000 are there such that the digits are not in strictly
increasing order from left to right?

5. I have n friends. Every night of the 365-day year I invite three of them to dinner. What is
the smallest n could be such that it is still possible for me to make these invitations without
ever inviting the same group of three friends?

6. The Math Club at Aaron’s school has 12 members (including Aaron). They need a 3-person
PR committee and a 4-person governing committee. Students can serve on either or both
committees, but Aaron only wants to serve on one or the other or neither. In how many
ways can the committee be chosen?

7. In poker, a 5-card hand is called a three of a kind if there are three cards of one rank and
two other cards which are not the same rank as each other or as the other three cards. How
many 5-card hands are three of a kind? Assume we are using a standard 52-card deck.

8. [iTest 2007] How many odd four-digit integers have the property that their digits, read left
to right, are in strictly decreasing order?

9. [AMC 10 2007] A set of 25 square blocks is arranged into a 5×5 square. How many different
combinations of 3 blocks can be selected from that set so that no two are in the same row
or column?

10. [AMC 10 2011] Each vertex of convex pentagon ABCDE is to be assigned a color. There
are 6 colors to choose from, and the ends of each diagonal must have different colors. How
many different colorings are possible?

11. [AIME 2008] There are two distinguishable flagpoles, and there are 19 flags, of which 10 are
identical blue flags, and 9 are identical green flags. Let N be the number of distinguishable
arrangements using all of the flags in which each flagpole has at least one flag and no two
green flags on either pole are adjacent. Find the remainder when N is divided by 1000.

12. [AIME 2011] Define an ordered quadruple of integers (a, b, c, d) as interesting if 1 ≤ a < b <
c < d ≤ 10, and a + d > b + c. How many interesting ordered quadruples are there?

F 13. [AIME 2013] Let A = {1, 2, 3, 4, 5, 6, 7}, and let N be the number of functions f from set A
to set A such that f(f(x)) is a constant function. Find the remainder when N is divided by
1000.

4



5 Stars and Bars and Balls and Bins and. . .

1. A working crew of 4 people have finished work on a yard. The crew must be paid $200
using ten $20 bills. In how many ways can the four crew members divide the 10 bills among
themselves if each member must get at least one bill? The crew members are distinct?

2. How many ways can 20 candy canes be distributed to 7 children if each child must receive
at least one candy and and two of the children are twins who insist on receiving the same
amount?

3. How many ways can 15 pieces of candy be given out to 4 children with each child getting at
least one piece if the oldest child insists on receiving more pieces than any other child?

4. How many solutions does a + b + c + d = 27 have in non-negative integers if a must be even
and d must be a power of 3?

5. A triomino game piece is an equilateral triangle that has a number on each vertex. The
numbers are integers from 1 to 9 inclusive. Two pieces are considered different if they have
different numbers and the order of the numbers on the piece do not matter. A piece may
have a number repeated or have the same number in all three positions. How many distinct
triomino pieces are there?

6. How many cubic polynomials f(x) with positive integer coefficients are there such that
f(1) = 9?

7. How many 15-digit base 4 numbers are there with eight 0’s that appear in three groups? For
example, 2300013302100004 is one such number. The three groups are 000, 0, and 0000.

8. How many arrangements of the word “PROBABILISTIC” have no two I’s appearing
consecutively?

9. [AIME 1998] Let n be the number of ordered quadruples (x1, x2, x3, x4) of positive odd
integers that satisfy

∑4
i=1 xi = 98. Find n

100
.

10. [AIME 2007] In a 6 × 4 grid (6 rows, 4 columns), 12 of the 24 squares are to be shaded so
that there are two shaded squares in each row and three shaded squares in each column. Let
N be the number of shadings with this property. Find the remainder of N

1000
.

11. [AIME 2011] Ed has five identical green marbles, and many identical red marbles. He ar-
ranges the green marbles and some of the red ones in a row and finds that the number of
marbles whose right hand neighbor is the same color as themselves is equal to the number
of marbles whose right hand neighbor is the other color. An example of such an arrange-
ment is GGRRRGGRG. Let m be the maximum number of red marbles for which such an
arrangement is possible, and let N be the number of ways he can arrange the m+ 5 marbles
to satisfy the requirement. Find the remainder when N is divided by 1000.
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6 Sets and Logic

1. For the given universe U and the given sets A and B, find A′, A ∩B and A ∪B.

(a) U = {1, 2, 3, 4, 5, 6, 7, 8}, A = {1, 3, 5, 8}, B = {2, 3, 5, 6}
(b) U = R, A = (−∞, 2], B = (−1,∞)

(c) U = Z, A = {n : n ≡ 0 (mod 2)}, B = {q : q > 0}
(d) U = Q, A = ∅, B = (−1,∞)

(e) U = N, A = N, B = {n : n ≡ 0 (mod 2)}
(f) U = R× R, A = {(x, y) : x2 + y2 ≤ 1}, B = {(x, y) : x ≥ 0, y ≥ 0}

2. There are 360 people in my school. 15 take calculus, physics, and chemistry, and 15 don’t
take any of them. 180 take calculus. Twice as many students take chemistry as take physics.
75 take both calculus and chemistry, and 75 take both physics and chemistry. Only 30 take
both physics and calculus. How many students take physics?

3. How many positive integers less than 1000 are divisible by 2, 3, or not by 5?

4. Call a number “prime looking” if it is composite but not divisible by 2, 3, or 5. The three
smallest prime-looking numbers are 49, 77, and 91. There are 168 prime numbers less than
1000. How many prime-looking numbers are there less than 1000?

5. Determine the number of ways to sit n ≥ 2 married couples around a table so at least one
couple sits next to each other.

6. [Cyprus MO/Lyceum 2007] How many subsets are there for the set A = {1, 2, 3, 4, 5, 6, 7}?

7. [AMC 8 2011] In a town of 351 adults, every adult owns a car, motorcycle, or both. If 331
adults own cars and 45 adults own motorcycles, how many of the car owners do not own a
motorcycle?

8. [AMC 10 2017] There are 20 students participating in an after-school program offering classes
in yoga, bridge, and painting. Each student must take at least one of these three classes, but
may take two or all three. There are 10 students taking yoga, 13 taking bridge, and 9 taking
painting. There are 9 students taking at least two classes. How many students are taking all
three classes?

9. [AMC 12 2006] How many non- empty subsets S of {1, 2, 3, . . . , 15} have the following two
properties?

(1) No two consecutive integers belong to S.

(2) If S contains k elements, then S contains no number less than k.

10. [AIME 2010] Define an ordered triple (A,B,C) of sets to be minimally intersecting if |A∩B| =
|B∩C| = |C∩A| = 1 and A∩B∩C = ∅. For example, ({1, 2}, {2, 3}, {1, 3, 4}) is a minimally
intersecting triple. Let N be the number of minimally intersecting ordered triples of sets for
which each set is a subset of {1, 2, 3, 4, 5, 6, 7}. Find the remainder when N is divided by
1000.

Note: |S| represents the number of elements in the set S.
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11. [AIME 2010] Let N be the number of ordered pairs of nonempty sets A and B that have
the following properties: A ∪B = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, A ∩B = ∅, |A| /∈ A, and
|B| /∈ B. Find N .

12. [AIME 2011] Nine delegates, three each from three different countries, randomly select chairs
at a round table that seats nine people. Let the probability that each delegate sits next to at
least one delegate from another country be m

n
, where m and n are relatively prime positive

integers. Find m + n.

13. [PMWC 2005] Let x be a fraction between 35
36

and 91
183

. If the denominator of x is 455 and
the numerator and denominator have no common factor except 1, how many possible values
are there for x?

F 14. Consider 3 sets X, Y , and Z such that Z ⊂ Y with |X| = n, |Y | = m, and |Z| = r.
Determine the number of functions f : X → Y for which Z ⊆ f(X).

7 Probability

1. Suppose we flip a coin with possible outcomes: heads or tails. Calculate the probability of
each of the two possible outcomes if the coin is biased such that the probability of flipping
a head is twice the probability of flipping a tail.

2. At a water treatment facility, the probability that a random water sample contains Chemical
A and Chemical B is 10%. The probability that a random water sample contains Chemical A
but not Chemical B is 15%. Calculate the probability that a random water sample contains
Chemical A.

3. Brooke rolls two six-faced fair dice. The two numbers that appear on the top face of the dice
are observed. Calculate the probability that the product of the two numbers is odd, given
the sum of the two numbers is between six and eight inclusive.

4. We draw two cards from a standard deck of 52 cards, without replacement. Calculate the
probability that both cards are kings.

5. An urn contains ten red balls and fifteen blue balls. Two balls are drawn at random and
without replacement. Calculate the probability that the two balls are of different colors.

6. Five cards are drawn without replacement from a standard deck of 52 cards consisting of
four suits of thirteen cards each. Calculate the probability that the five cards result in a
flush (all five cards are of the same suit).

7. There are ten boys and seven girls in a class. Three children are randomly chosen from the
class to form a committee. Calculate the probability the committee has more boys than girls.

8. A company recently hired 50 employees. You are given that thirty employees are from Iowa
and the remaining came from New York. Of the employees who are from Iowa, 30% are
males and the remaining are females. Of the employees who are from New York, 60% are
males and the remaining are females. Five employees were randomly selected and sent for
training. Calculate the probability that three out of the five employees sent for training were
male.
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9. A box contains 20 balls. Five are blue, seven are red, and eight are black. Four balls are
selected at random and with replacement. Calculate the probability that fewer than two red
balls are chosen.

10. In a pool of policyholders, 10% are heavy smokers, 30% are light smokers, and 60% are
non-smokers. Research shows that in a ten-year period, light smokers are three times as
likely to develop lung cancer as non-smokers but only half as likely as heavy smokers. A
randomly selected policyholder developed lung cancer over a ten-year period. Determine the
probability that the policyholder is a heavy smoker.

11. A box contains eight marbles, of which three are red and five are blue. A second box contains
20 red marbles and an unknown number of blue marbles. A single marble is drawn at random
from each box. The probability that both marbles are of the same color is 0.6. Calculate the
number of blue marbles in the second box.

12. [iTest 2007] Star flips a quarter four times. Find the probability that the quarter lands heads
exactly twice.

13. [AMC 10 2005] Forty slips are placed into a hat, each bearing a number 1, 2, 3, 4, 5, 6, 7,
8, 9, or 10, with each number entered on four slips. Four slips are drawn from the hat at
random and without replacement. Let p be the probability that all four slips bear the same
number. Let q be the probability that two of the slips bear a number a and the other two
bear a number b 6= a. What is the value of q/p?

14. [AMC 10 2006] For a particular peculiar pair of dice, the probabilities of rolling 1, 2, 3, 4,
5, and 6, on each die are in the ratio 1 : 2 : 3 : 4 : 5 : 6. What is the probability of rolling a
total of 7 on the two dice?

15. [AMC 10 2008] Jacob uses the following procedure to write down a sequence of numbers.
First he chooses the first term to be 6. To generate each succeeding term, he flips a fair coin.
If it comes up heads, he doubles the previous term and subtracts 1. If it comes up tails, he
takes half of the previous term and subtracts 1. What is the probability that the fourth term
in Jacob’s sequence is an integer?

16. [AMC 10 2009] Three distinct vertices of a cube are chosen at random. What is the proba-
bility that the plane determined by these three vertices contains points inside the cube?

17. [AMC 12 2005] Two distinct numbers a and b are chosen randomly from the set {2, 22, 23, ..., 225}.
What is the probability that logab is an integer?

18. [AMC 12 2005] On a standard die one of the dots is removed at random with each dot equally
likely to be chosen. The die is then rolled. What is the probability that the top face has an
odd number of dots?

19. [AMC 12 2006] A bug starts at one vertex of a cube and moves along the edges of the cube
according to the following rule. At each vertex the bug will choose to travel along one of the
three edges emanating from that vertex. Each edge has equal probability of being chosen,
and all choices are independent. What is the probability that after seven moves the bug will
have visited every vertex exactly once?
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20. [AMC 12 2010] Positive integers a, b, and c are randomly and independently selected with
replacement from the set {1, 2, 3, . . . , 2010}. What is the probability that abc + ab + a is
divisible by 3?

F 21. [AIME 2010] The 52 cards in a deck are numbered 1, 2, · · · , 52. Alex, Blair, Corey, and Dylan
each picks a card from the deck without replacement and with each card being equally likely
to be picked, The two persons with lower numbered cards from a team, and the two persons
with higher numbered cards form another team. Let p(a) be the probability that Alex and
Dylan are on the same team, given that Alex picks one of the cards a and a + 9, and Dylan
picks the other of these two cards. The minimum value of p(a) for which p(a) ≥ 1

2
can be

written as m
n

. where m and n are relatively prime positive integers. Find m + n.

F 22. [AIME 2014] Arnold is studying the prevalence of three health risk factors, denoted by A,
B, and C, within a population of men. For each of the three factors, the probability that a
randomly selected man in the population has only this risk factor (and none of the others)
is 0.1. For any two of the three factors, the probability that a randomly selected man has
exactly these two risk factors (but not the third) is 0.14. The probability that a randomly
selected man has all three risk factors, given that he has A and B is 1

3
. The probability that

a man has none of the three risk factors given that he does not have risk factor A is p
q
, where

p and q are relatively prime positive integers. Find p + q.

8 Expectation

1. A penny, nickel, dime, and quarter are simultaneously flipped. What is the expected value
of the sum of the values of the coins that land heads-up?

2. n fair six-sided dice numbered 1 to 6 are rolled. What is the expected value of the total of
the dice?

3. The popular TV game show The Price is Right has a special Showcase Showdown segment.
A contestant has a 1

10
chance of winning $1,000 on the Big Wheel. If the contestant does

win, they get a bonus spin which has a 1
20

chance of winning an additional $10,000 and a 1
10

chance of winning an additional $5,000 (but only one or the other). What is the expected
value of the contestant’s winnings?

4. A fair coin is flipped 10 times. What is the expected number of consecutive tosses that come
up heads? For example, the sequence “THHTHHHTHH” has 4 pairs of consecutive heads.

5. [AMC 12 2002] Tina randomly selects two distinct numbers from the set {1, 2, 3, 4, 5}, and
Sergio randomly selects a number from the set {1, 2, ..., 10}. What is the probability that
Sergio’s number is larger than the sum of the two numbers chosen by Tina?

6. What is the expected number of flips of a fair coin needed to obtain two heads in a row?

7. A coat with area 5 has five patches on it. Each patch has area at least 2.5. Prove that two
patches exist with common area of at least 1.

8. [HMMT 2010] Indecisive Andy starts out at the midpoint of the 1-unit-long segment HT .
He flips 2010 coins. On each flip, if the coin is heads, he moves halfway towards endpoint H,
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and if the coin is tails, he moves halfway towards endpoint T . After his 2010 moves, what is
the expected distance between Andy and the midpoint of HT?

9. [HMMT 2010] Let 4ABC be a triangle with AB = 8, BC = 15, and AC = 17. Point X is
chosen at random on line segment AB. Point Y is chosen at random on line segment BC.
Point Z is chosen at random on line segment CA. What is the expected area of triangle
4XY Z?

10. A bug starts at the origin on the integer line. He sometimes moves right with probability 1
2

and left with probability 1
2
. For instance, his first move could be to 1 or to −1. What is the

expected number of moves it will take the bug to reach 2?

11. [HMMT 2015] Consider an 8 × 8 grid of squares. A rook is placed in the lower left corner,
and every minute it moves to a square in the same row or column with equal probability
(the rook must move; i.e. it cannot stay in the same square). What is the expected number
of minutes until the rook reaches the upper right corner?

12. Suppose you are playing a game where you get money equal to the roll of a fair six-sided die.
However, you are allowed one re-roll if your first roll is unsatisfactory. What is the optimal
strategy to maximize your earnings and what is the expected profit of that strategy? What
about if you are allowed two re-rolls?

F 13. [HMMT 2015] Consider a 10 × 10 grid of squares. One day, Daniel drops a burrito in the
top left square, where a wingless pigeon happens to be looking for food. Every minute, if
the pigeon and the burrito are in the same square, the pigeon will eat 10% of the burritos
original size and accidentally throw it into a random square (possibly the one it is already
in). Otherwise, the pigeon will move to an adjacent square, decreasing the distance between
it and the burrito. What is the expected number of minutes before the pigeon has eaten the
entire burrito?

F 14. You are playing a game where you and a partner both flip three coins. If your three coins share
the same number of tails as your partners’ three coins, then you pay them $2. Otherwise,
they pay you $1. What is the expected value of a trial of this game?

F 15. [HMMT 2018] A permutation of {1, 2, ..., 7} is chosen uniformly at random. A partition of
the permutation into contiguous blocks is correct if, when each block is sorted independently,
the entire permutation becomes sorted. For example, the permutation (3, 4, 2, 1, 6, 5, 7) can
be partitioned correctly into the blocks [3, 4, 2, 1] and [6, 5, 7], since when these blocks are
sorted, the permutation becomes (1, 2, 3, 4, 5, 6, 7). Find the expected value of the maximum
number of blocks into which the permutation can be partitioned correctly.

F 16. I have a random number generator that generates real numbers on the interval (0, 1). Upon
obtaining a number from my RNG, I add it to a total sum of previously generated numbers.
I stop when my total sum exceeds 1. What is the expected value of my total sum?
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9 Discrete Distributions

1. 10 coins are tossed simultaneously where the probability of getting head for each coin is 0.6.
Find the probability of getting 4 heads.

2. In an exam, 10 multiple choice questions are asked where only one out of four answers is
correct. Find the probability of getting 5 out of 10 questions correct in an answer sheet.

3. You have an (extremely) biased coin that shows heads with probability 99% and tails with
probability 1%. To test the coin, you tossed it 100 times. What is the probability that heads
showed up exactly 99 times? What is the expected number of times heads will come up?

4. A fair coin is flipped 10 times. What is the probability that it lands on heads the same
number of times that it lands on tails?

5. You are bored one day and decide to keep flipping an unfair coin until it lands on tails. It
has a 60% chance of landing on heads. If you get tails on the nth flip, the probability that n
is an integer multiple of 3 can be expressed as a

b
, where a and b are coprime positive integers.

Find a + b.

6. Paddy is flipping a weighted coin, which displays heads with a probability of 1
4
. What is the

expected number of coin flips he would need in order to get his first head?

7. A programmer has a 90% chance of finding a bug every time he compiles his code, and it takes
him two hours to rewrite his code every time he discovers a bug. What is the probability
that he will finish his program by the end of his workday? Assume that a workday is 8 hours
and that the programmer compiles his code immediately at the beginning of the day.

8. Brooke loves playing in ball pits. In her favorite pit, there are five red balls each labeled
1 through 5, six green balls each labeled 1 through 6, and seven blue balls each labeled 1
through 7. Brooke selects 5 balls from the pit. What is the probability that her selection
has exactly one green ball and exactly two blue balls? In her selection, what is the expected
number of balls labeled 3?

9. Suppose that there is a lottery which awards 4 million dollars to 2 people who are chosen at
random. The price of a lottery ticket is 10 dollars and a total of 2, 000, 000 people participate
each time. Brooke keeps on buying lottery tickets until she wins for the first time. What is
the probability that she wins on the 6th, 7th, or 8th ticket? What is the expected value of her
gain in dollars? Note that this can be a negative number?

10. A gambler shows you a box with 5 white and 2 black marbles in it. All the marbles are
identical except for their color. He invites you to draw without replacement 3 marbles from
the box, while you are blindfolded, and you lose if you draw a black marble. If you lose
$10 for losing the game, how much should you paid for winning it for your mathematical
expectation to be zero (i.e., making it a fair game)?

F 11. What is the expected number of rolls of a fair six-sided dice before every number 1, . . . , 6 is
seen?
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10 Recursion

1. Given the recursive sequence f(x) = 2f(x− 1) + 3 and f(4) = 2, find f(6).

2. How many ways are there to divide a 1× 8 strip into blocks of size 1× 1 or 1× 2 or 1× 3?

3. In how many ways can 7 teams place in a tournament if ties are allowed?

4. Find gcd(Fn, Fn+1).

5. How many sequences of As, Bs, and Cs are there, with length n, and with no two consecutive
letters identical (That is, no instance of AA, BB, or CC)?

6. A colony has 1 rabbit. A rabbit produces one offspring every month. An offspring rabbit
takes one month to grow up. Find a formula for the number of rabbits (including offspring)
in the nth month. How about if the colony starts with a rabbits and b offspring? Use this
result to prove the identity Fm+n+1 = Fm+1 · Fn+1 + Fm · Fn.

7. [AHSME 1990] If Rn = 1
2
(an + bn) where a = 3 + 2

√
2 and b = 3− 2

√
2, and n = 0, 1, 2, · · · ,

then R12345 is an integer. Find its units digit.

8. Find the number of 10-digit ternary sequences such that the sequence does not contain two
consecutive zeros.

9. [AMC 12 2000] The Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, . . . starts with two 1s, and each
term afterwards is the sum of its two predecessors. Which one of the ten digits is the last to
appear in the units position of a number in the Fibonacci sequence?

10. Prove that the nth Catalan number Cn is representative of each of the four bullet point
problems in the notes.

F 11. [AIME 2001] A mail carrier delivers mail to the nineteen houses on the east side of Elm
Street. The carrier notices that no two adjacent houses ever get mail on the same day, but
that there are never more than two houses in a row that get no mail on the same day. How
many different patterns of mail delivery are possible?

F 12. [AIME 2006] A collection of 8 cubes consists of one cube with edge-length k for each integer
k, 1 ≤ k ≤ 8. A tower is to be built using all 8 cubes according to the rules: Any cube may
be the bottom cube in the tower. The cube immediately on top of a cube with edge-length
k must have edge-length at most k + 2. Let T be the number of different towers than can be
constructed. What is the remainder when T is divided by 1000?

F 13. [AIME 2008] Consider sequences that consist entirely of A’s and B’s and that have the
property that every run of consecutive A’s has even length, and every run of consecutive B’s
has odd length. Examples of such sequences are AA, B, and AABAA, while BBAB is not
such a sequence. How many such sequences have length 14?

F 14. [AIME 2015] Call a permutation a1, a2, . . . , an of the integers 1, 2, . . . , n quasi-increasing if
ak ≤ ak+1 + 2 for each 1 ≤ k ≤ n − 1. For example, 53421 and 14253 are quasi-increasing
permutations of the integers 1, 2, 3, 4, 5, but 45123 is not. Find the number of quasi-increasing
permutations of the integers 1, 2, . . . , 7.
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11 Pascal’s Triangle and Hockey Stick Identity

1. Given (x + y)10, find the coefficient of the x4y6 term. Then find the sum of the coefficients.

2. Construct a rigorous Hockey Stick Identity proof using committee-forming argument.

3. [AIME 2007] A triangular array of squares has one square in the first row, two in the second,
and in general, k squares in the kth row for 1 ≤ k ≤ 11. With the exception of the bottom
row, each square rests on two squares in the row immediately below (illustrated in given
diagram). In each square of the eleventh row, a 0 or a 1 is placed. Numbers are then placed
into the other squares, with the entry for each square being the sum of the entries in the two
squares below it. For how many initial distributions of 0’s and 1’s in the bottom row is the
number in the top square a multiple of 3?

4. [AIME 2013] Melinda has three empty boxes and 12 textbooks, three of which are mathe-
matics textbooks. One box will hold any three of her textbooks, one will hold any four of her
textbooks, and one will hold any five of her textbooks. If Melinda packs her textbooks into
these boxes in random order, the probability that all three mathematics textbooks end up
in the same box can be written as m

n
, where m and n are relatively prime positive integers.

Find m + n.

5. [AIME 2015] Consider all 1000-element subsets of the set 1, 2, 3, ... , 2015. From each such
subset choose the least element. The arithmetic mean of all of these least elements is p

q
,

where p and q are relatively prime positive integers. Find p + q.

F 6. [iTest 2008] Consider the Harmonic Table

1
1
2

1
2

1
3

1
6

1
3

1
4

1
12

1
12

1
4

...

where an,1 = 1
n

and an,k+1 = an−1,k−an,k. Find the remainder when the sum of the reciprocals
of the 2007 terms on the 2007th row gets divided by 2008.
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12 Binomial Theorem

1. For any positive integer n, compute the sum
(
n
0

)
+
(
n
2

)
+ . . .

2. Find the coefficient for x3 in (2x + 4)8.

3. In the expansion of (2x + k
x
)8, where k is a positive constant, the term independent of x is

700000. Find k.

4. If the sum
∑49

k=0(−1)k
(
99
2k

)
is written in the form ab, where a and b are integers and b is as

large as possible, what is a + b?

5. What is the coefficient of the x2y2z2 term in the polynomial expansion of (x + y + z)6?

6. If n is an odd positive integer, then find
∑n

r=0 (−1)r
(
n
r

)−1
?

7. [AHSME 1989] Calculate S =
∑49

k=0(−1)k
(
99
2k

)
=
(
99
0

)
−
(
99
2

)
+
(
99
4

)
− · · · −

(
99
98

)
?

8. [AMC 10 2011] What is the hundreds digit of 20112011?

9. What is the last digit of (
√

71 + 1)71 − (
√

71− 1)71?

10. [AIME 1995] Let f(n) be the integer closest to 4
√
n. Find

∑1995
k=1

1
f(k)

.

13 Generating Functions

1. There are three baskets on the ground: one has 2 purple eggs, one has 2 green eggs, and
one has 3 white eggs. Eggs of the same color are indistinguishable. In how many ways can I
choose 4 eggs from the baskets?

2. We have 25 people at our party. We all agree to pitch in $1 or $2 each for snacks, except for
BigSpender, who will pay $3, $5, or $9. In how many different ways can we come up with
exactly $39 for snacks?

3. Use generating functions to find the number of solutions in nonnegative integers to the
equation b + c + d = 40.

4. Compute 1
2

+ 1
4

+ 2
8

+ 3
16

+ 5
32

+ . . . + Fk

2k
+ . . . where Fk represents the the ktg term of the

Fibonacci sequence: 1, 1, 2, 3, 5, . . .

5. [AIME 2006] Seven teams play a soccer tournament in which each team plays every other
team exactly once. No ties occur, each team has a 50% chance of winning each game it
plays, and the outcomes of the games are independent. In each game, the winner is awarded
a point and the loser gets 0 points. The total points are accumulated to decide the ranks of
the teams. In the first game of the tournament, team A beats team B. The probability that
team A finishes with more points than team B is m/n, where m and n are relatively prime
positive integers. Find m + n.

6. [AIME 2010] Jackie and Phil have two fair coins and a third coin that comes up heads with
probability 4

7
. Jackie flips the three coins, and then Phil flips the three coins. Let m

n
be the

probability that Jackie gets the same number of heads as Phil, where m and n are relatively
prime positive integers. Find m + n.
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