
ARITHMETIC PROGRESSIONS IN SETS

INTRODUCTION
Guiding Question

How many arithmetic progressions of length k (cyclic or
noncyclic) are contained within the first 𝑛𝑛 natural numbers?
Additionally, in how many ways can this 𝑛𝑛-set be partitioned into 𝑟𝑟
subsets such that no subset contains an AP-k?

RESULTS
With the output from the data on partitions, we attempted to find
patterns in the פ function. Most of the patterns that we found were
based on פ when 𝑟𝑟 = 2. Up to 𝑛𝑛 = 𝑘𝑘 − 1 for 𝑟𝑟 = 2, פ = 𝑟𝑟𝑛𝑛−1.
This is because the number can be in the subset or outside of it,
and because n < k, there is no limitation on what the subsets can
be.

We also found that with 𝑟𝑟 = 2 and 𝑘𝑘 ≤ 𝑛𝑛 ≤ 2𝑘𝑘 − 2, פ = 𝑟𝑟𝑛𝑛−1
minus a power of 2, in the sequence 1, 1, 2, 4, 8, …, presumably due
to changes in the number of families of AP-k’s that need to be
avoided. For example, before n reaches 2𝑘𝑘 − 2, only AP-k's with an
increment of 1 need to be avoided. However, after passing the
2𝑘𝑘 − 2 boundary, AP-k’s with increment of 2 such as {1, 3, 5 …} can
be found and must be taken account for.
Below are 2 remaining graphs depicting sample results of our
𝝁𝝁 and 𝛕𝛕 functions, generated with our computer program:

METHODS
Non-Cyclic AP-k’s and the 𝜶𝜶 Function
After creating a program in Python to compute values of the 𝜶𝜶 function for various n and k , we saw that the
values increased in a steady rather than erratic pattern.
We first explained this by considering ‘families’ of AP-k ’s, each family with a unique common difference.
One such family would be (1, 2, 3), (2, 3, 4), (3, 4, 5), etc. Every time n increased by 𝑘𝑘 − 1, a new family
would be introduced, increasing the amount that the 𝜶𝜶 function increments by per n by one.
From this we were able to generalize 𝜶𝜶(𝑛𝑛, 𝑘𝑘) into a recursive formula:

𝛼𝛼 𝑛𝑛,𝑘𝑘 = 𝛼𝛼 𝑛𝑛 − 1,𝑘𝑘 + 𝑓𝑓 𝑛𝑛,𝑘𝑘

𝑓𝑓 𝑛𝑛,𝑘𝑘 = �𝑓𝑓 𝑛𝑛 − 1,𝑘𝑘 + 1 𝑖𝑖𝑓𝑓 𝑘𝑘 − 1 | (𝑛𝑛 − 1)
𝑓𝑓 𝑛𝑛 − 1,𝑘𝑘 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒

We found that there was a clear mathematical explanation for this based on how many AP-k’s began with
each element in [n]. When 𝑛𝑛 = 7 and 𝑘𝑘 = 3, the pattern is as shown in the above table – 3, 2, 2, 1, 1, 0, 0.
When another element is added on, the list becomes 3, 3, 2, 2, 1, 1, 0, 0. When k is changed to 4, each
number repeats 3 times rather than 2: for instance, 2, 1, 1, 1, 0, 0, 0. Thus, we were able to generalize this
pattern to all k and n using a simple summation serving as an explicit formula:
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Purpose

Upon learning about AP-k avoiding partitions and their unique
patterns within sets, we looked at the number of possible solutions
for various starting values using computer programs in Python that
would generate large amounts of data. Then, we analyzed the data
using spreadsheets and graphs, calling upon existing research in
graph theory and set organization while creating our own functions
to explain the results in meaningful and understandable ways.

Background Information

An AP-k (arithmetic progression of length k) is a sequence of k
numbers with a common difference d, such that

𝑎𝑎𝑖𝑖 = 𝑎𝑎𝑖𝑖 −1 + 𝑑𝑑, 𝑑𝑑, 𝑖𝑖 ∈ ℕ, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘.
For example, the sequence {1, 3, 5, 7, 9} is an AP-5 with a common
difference of 2.

In this project we partition a set of 𝑛𝑛 numbers into r subsets. We
also explore both cyclic and non-cyclic AP-k’s in sets. A cyclic AP-k
is similar to modular arithmetic mod n, such that the set “wraps
back around” from the last element to the first. For instance, cyclic
AP-3 in the set {1, 2, 3, 4} could be {3, 4, 1} because 3 + 1 = 4
and 4 + 1 wraps back around to 1. A non-cyclic AP-k is a
sequence such as {1, 2, 3}, where each element must be greater
than the last.

1 2 3 4 5 6 7 8      Correct configuration for avoiding AP-3’s.
1 2 3 4 5 6 7 8      Incorrect configuration for avoiding AP-3’s.

In this project we defined 4 key functions to organize our research. 
The function פ(𝑛𝑛, 𝑟𝑟,𝑘𝑘) returns the number of ways in which [𝑛𝑛], 
the set of integers less than or equal to n, can be partitioned into r
subsets such that each subset does not contain an AP-k. The 
function 𝜶𝜶(𝑛𝑛,𝑘𝑘) returns the number of distinct non-cyclic AP-k’s 
found in [𝑛𝑛]. The function 𝝁𝝁(𝑛𝑛, 𝑘𝑘) returns the number of distinct 
cyclic AP-k’s found in [𝑛𝑛]. Finally, the function 𝛕𝛕(𝑛𝑛,𝑘𝑘) returns the 
total number of distinct AP-k’s found in [𝑛𝑛], both cyclic and non-
cyclic.

Related to our research was Van der Waerden’s theorem, which 
states that for a selection of 𝑟𝑟 and 𝑘𝑘, there is a certain 𝑛𝑛 above 
which ,𝑛𝑛)פ 𝑟𝑟, 𝑘𝑘) = 0. This allows us to know that פ will not 
increase indefinitely. 

AP-k Avoiding Partitions of Sets and the פ Function

In order to study the פ function, we created yet another program, this time for algorithmically partitioning
[𝑛𝑛] into r subsets and checking if any contained an AP-k. We tried multiple strategies for doing this, starting
with a random partition generator, then a permutation iterator, and finally settling on simulated base-r
addition to partition the list. This gave us a relatively fast way to generate ,𝑛𝑛)פ 𝑟𝑟,𝑘𝑘), but it still became slow
as n grew larger.

FURTHER STUDY
While we were able to calculate values for the 𝜶𝜶, 𝝁𝝁, 𝛕𝛕, and
פ functions across various n and k, as well as a few key patterns, in
the future we could work on finding more consistent and solid
patterns for the results of 𝝁𝝁, 𝛕𝛕, and .פ Additionally, we could extend
the functions to sets other than the first n natural numbers, such
as primes, powers, or arbitrary lists. Further challenges could be
found in restricting the size of partitions within the פ function or
working with two-dimensional matrices rather than one-
dimensional sets. Lastly, we hope to work further on the פ function
to find closer upper bounds on the Van der Waerden numbers for
various n , r, and k.

Cyclic AP-k’s and the 𝝁𝝁 and 𝝉𝝉 Functions

Compared to the simple, clean patterns of the 𝜶𝜶 function, using modular arithmetic in the 𝝁𝝁 and 𝛕𝛕 functions
proved more difficult. It at first seemed that every number in the list could have an infinite number of
values when treated cyclically; however, we soon found that if the common difference d was more than n, it
would always be equivalent to 𝑑𝑑 − 𝑛𝑛, restraining the possibilities considerably.

With this in mind, we were able to create a computer program
similar to that of the 𝜶𝜶 function but with a different system for
checking AP-k’s, returning either just cyclic AP-k’s or both
cyclic and non-cyclic AP-k’s. This allowed us to generate a
similarly large database for the 𝝁𝝁 and 𝛕𝛕 functions (displayed in
the results section). The less intuitive nature of
cycling meant we could not find a way to generalize these
functions, but we did see some interesting patterns such as
repeating rows, and dips opposing the consistent increase
of the 𝜶𝜶 function.
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