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• Complex Number. A complex number is a number of the form a+ bi, where a and
b are real numbers and i =

√
−1 so that i2 = −1. We can add and multiply complex

numbers as you would expect: we have

(a+ bi) + (c+ di) = (a+ c) + (b+ d)i

(a+ bi) · (c+ di) = ac+ adi+ bci− bd = (ac− bd) + (ad+ bc)i

We also have the operation of conjugation, defined as

a+ bi = a− bi,

and magnitude, defined as
|a+ bi| =

√
a2 + b2.

We denote by Re(z) the real part of z; for example, Re(a + bi) = a. Similarly, we
denote by Im(z) the imaginary part of z, so that Im(a+ bi) = b.

• Exponential Form. Consider the complex number x + iy graphed in the complex
plane:

in which r corresponds to the magnitude of the complex number (that is, r =
√
x2 + y2),

and φ corresponds to the angle formed with the real axis (so that ϕ = arctan
(y
x

)
).

Then we can represent the number exponentially as

x+ iy = reiϕ =
√
x2 + y2 · ei arctan

y
x .



• Euler’s Identity. For any angle θ, we have that

eiθ = cos θ + i sin θ.

• De Moivre’s Theorem. For any real number x and integer n, we have that

(cosx+ i sinx)n = cos(nx) + i sin(nx).

• Conjugate Root Theorem. If a polynomial has a + bi as a root, then it also has
a− bi as a root. In other words, all complex roots come in pairs.

• Root of Unity. A root of unity is any complex number that gives 1 when raised to
some positive integer power n. For example, the solutions to x5 = 1 (of which there
are 5) are known as the fifth roots of unity. They correspond to cutting up the unit
circle in the complex plane into five equal parts:


