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• Cyclic Quadrilateral. A cyclic quadrilateral is a quadrilateral whose four vertices
all lie on a single circle. Below is an example of a cyclic quadrilateral:

Note that e = AC and f = BD. For cyclic quadrilaterals, the following hold:

∠A + ∠C = ∠B + ∠D = 180◦,

and vice versa: if the opposite angles of a quadrilateral add up to 180◦, then it is
cyclic. Also, the angle between a side and a diagonal is equal to the angle between the
opposite side and the other diagonal; for example,

∠ACB = ∠ADB.

This is a consequence of the Inscribed Angle Theorem.

• Ptolemy’s Theorem. If ABCD is a cyclic quadrilateral with side lengths a, b, c,
and d and with diagonals of length e and f (as above), then the sum of the products
of the opposite side lengths equals the product of the diagonals; that is,

ac + bd = ef.



• Brahmagupta’s Formula. If ABCD is a cyclic quadrilateral with side lengths a, b,

c and d, and if we define the semiperimeter s as s =
a + b + c + d

2
, then the area K of

ABCD is
K =

√
(s− a)(s− b)(s− c)(s− d).

When the length of one side is 0, this reduces to Heron’s Formula.

• Radical Axis. The radical axis of two circles is the set of all points at which tangents
drawn to both circles have the same length (see below diagram, in which the red line
is the radical axis of the two circles; the blue lines are all tangents of equal length).

In mathematical terms, if the first circle has radius r1 and center O1, and the second
circle has radius r2 and center O2, then a point P is on the radical axis if

PO2
1 − r21 = PO2

2 − r22.

The radical axis is a straight line which is perpendicular to the line connecting the
center of the circles. If the circles intersect, it passes through the two points of inter-
section. Given three circles, their radical axes are either parallel or intersect at a single
point. In the below example, JB2 − AB2 = JV 2 − UV 2.


