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Abstract
In this project, the number of Sudoku cubes for a
Rubik’s cube of order n was calculated, and the
maximum number of connected Sudoku cubes for a
Rubik’s cube of order n was calculated.

Introduction
• In the puzzle game, Sudoku, a 9× 9 grid is filled with

the digits 1 through 9 such that there are no repeated
numbers in any row or column of the grid.

Figure 1: A Latin square, Sudoku

• A Latin square is an n× n square with n sets of the
numbers 1 through n arranged in a way such that no
orthogonal contains the same number twice. The
number of Latin squares of order n, l(n), is only
known up to order 11.

• One variant of the Latin square uses colors, arranging
n colors such that no colors appears in the same
orthogonal twice.

• A Sudoku cube is a Rubik’s cube of order n with n
colors such that each face forms a Latin square.

Figure 2: A Sudoku cube of order 3

• Two of these cubes are defined as connected if one of
the cube’s faces can be turned (as on a Rubik’s cube)
in such a way that produces the second cube, and the
two cubes are not identical. Two of these cubes are
defined as identical if one cube can be rotated in such
a way that produces the second cube.

Figure 3: Two connected Sudoku cubes of order 2

• If two Rubik’s cubes are not composed of the same
pieces, they cannot be connected or identical; however,
if two Sudoku cubes are composed of the same pieces,
this does not guarantee that they are connected.

Methods
The Number of Sudoku Cubes of Order n
• At first, it seems that for a Sudoku cube of order n there should be l(n)6 possible Sudoku; however, this is not the

case because if one Sudoku cube can be rotated into another cube, it is considered identical to the other cube. To
calculate the actual number of Sudoku cubes, these identical cubes must be accounted for.

• In addition, the differences between Latin squares of odd and even orders must be considered when calculating
the number of Sudoku cubes. For example, both Latin squares of order 2 are rotationally symmetric for 180◦.
This is not possible in a Latin square of odd order. In addition, it is not possible for a Latin square to have 90◦
rotational symmetry.

• To calculate the total number of Sudoku cubes of order n Burnside’s Lemma is applied. Burnside’s Lemma is as
follows: Let G be a finite group acting on a set S. For each α ∈ G let Sα denote the set of elements in S that are
fixed by α. The following is true:

|S/G| = 1
|G|

∑
α∈G

Sα (1)

• Let S be the set of all possible l(n)6 cubes.
• Let G be the group of rotational symmetries of the cube: one identity element, six 180◦ edge rotations, three 180◦

face rotations, and eight 120◦ vertex rotations.
• Applying this group to S in Burnside’s Lemma, the number of distinct Sudoku cubes of order n, S(n), is given by

the equation
S(n) = 1

24(l(n)6 + 6× l(n)3 + 3× l(n)2r(n)2 + 8× l(n)2). (2)

The Number of Connected Sudoku Cubes of Order n
• On a Rubik’s cube, the centers of each side must remain fixed; however, only cubes of odd orders have centers.

For Sudoku cubes of order n, connected cubes must have the same configuration of centers. This allows us to
bound the number of possible connected Sudoku cubes of odd order by the total possible number of matching
center configurations.

• Applying the group G of the cube symmetries stated earlier to the set C of n6 possible center configurations in
Burnside’s Lemma, the following formula gives the number of distinct possible center configurations, C(n), for a
Sudoku cube of odd order n:

C(n) = 1
24(n6 + 12× n3 + 8× n2). (3)

• Using this value, the number of possible connected cubes of odd order can be bound by the expression

S(n)− 4× (C(n)− 1). (4)

• Using a computer program in Wolfram Mathematica, the number of distinct, connected Sudoku cubes of order 2
of the 8 total distinct Sudoku cubes of order 2, as calculated by the formula for S(n), was found to be 3. None of
the other Sudoku cubes of order 2 are connected to each other.

Figure 4: All connected Sudoku cubes of order 2

• This method could be used to reason whether two Sudoku cubes are connected; however, it is not a reliable
method of identifying all connected cubes of larger values of n because this value rises exponentially with the
rising value of l(n).

Results and Further Questions

• The number of distinct Sudoku cubes of order n can
be calculated using the number of Latin squares of
order n by Equation (1).

• This equation, however, is not useful for values of
n > 11 because the number of Latin squares of orders
n > 11 are not known currently.

Figure 5: A Latin square of order 12

• Also, the equation is not practical for even values of
n > 4 because the numbers of Latin squares of even
orders of n > 4 with 180◦ rotational symmetry are not
known.

• This equation, if the values for l(n) and r(n) were
known, works for all Sudoku cubes of order n.

• The number of connected cubes of odd order n is
bound by Equation (2); however, the exact value of
connected cubes is not known. This bound, however,
does not significantly limit the number of possible
connected Sudoku cubes.

• We currently have no bound for the number of
connected Sudoku cubes of even order; therefore, we
would like to find a tighter bound or explicit
expression for this value for both odd and even
ordered Sudoku cubes.

• The results of this project do not currently have a
practical application.
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