
INTRODUCTION
Towers of Hanoi is an mathematical puzzle that has multiple applications, variations
and origins. The original game consists of a set number of three pegs, labeled as 𝐴𝐴, 𝐵𝐵,
and 𝐶𝐶, and a varying amount of disks. The disks are of different sizes and each disk is
larger than the previous one. The initial setup consists of all of the disks on the first
peg in order of size, so the first disk (the smallest disk) is on top and the 𝑛𝑛th disk (the
largest disk) is on the bottom.
The goal of the game is to transfer all the disks from the first peg to the third peg. This
seems simple however the rules complicate it: all disks must be on a peg (except the
one being moved), only one disk can be moved at a time, no larger disk can be placed
on top of a smaller disk.

VARIATION
One variation of the classic Towers of Hanoi problem is to add more pegs. As the
number of pegs increases, we obtain more freedom and therefore can complete the
game with fewer moves. The optimal solution, submitted in 1941 and proven in
2014, is called the Frame-Stewart algorithm. It involves splitting 𝑛𝑛 number of disks
into groups 𝑘𝑘 and 𝑛𝑛 − 𝑘𝑘 which are stacked separately and then combined at the
end. The formula for finding 𝑘𝑘 varies depending on the number of pegs available.
For 4 pegs it is:

The complete algorithm takes the first group of disks, 𝑘𝑘, and moves it from pole 𝐴𝐴
to pole 𝐵𝐵. Now that pole 𝐵𝐵 has been filled with the top 𝑘𝑘 smaller disks it is
considered unavailable which leaves us with 3 poles left to use, 𝐴𝐴, 𝐶𝐶, and 𝐷𝐷.
Therefore we treat 𝑛𝑛 − 𝑘𝑘 disks as the classic Towers of Hanoi problem. After the
bottom disks are stacked in the correct at the target pole, the top 𝑘𝑘 disks are
stacked above them accordingly.

METHODOLOGY
We first made a table with the number of disks and minimum number of moves it
takes to complete the game. We could then graph this to show the relationship
between the two. Although we recognized the function to be exponential, we
observed that the 𝑦𝑦-intercept to be 0 and not 1, which is characteristic of an
exponential function. Then in order to determine the specific parent function, we
applied a vertical shift of +1. Upon analysis, we saw that the parent function of our
graph was 𝑦𝑦 = 2𝑥𝑥 . We observed that the vertical shift of -1 to the parent function
was necessary because it is understood that it takes 0 moves to complete a game
with 0 disks.

We set the number of disks to be n, and the minimum amount of moves as 𝑔𝑔𝑛𝑛. One
solution would be to use a recursive equation that could find the final solution by
compiling the number of moves required to move a smaller number of disks. One
recursion we could use is:

𝑔𝑔𝑛𝑛 = 2𝑔𝑔𝑛𝑛−1 + 1
where 𝑔𝑔𝑛𝑛−1 is the number of moves it take to complete the game with 𝑛𝑛 − 1 disks.
Therefore, in order to solve for n disks, we need the solution for 𝑛𝑛 − 1 disks.
However, this is not a practical method for finding the solution for larger numbers
such as 264 disks. Nonetheless, we can use this recursion to determine the explicit
formula, 2𝑛𝑛 − 1.
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PURPOSE
The purpose of this project is to take a challenging, ancient puzzle and apply 
mathematics and analysis to solve its mysteries. In particular we will:
• Attempt to find patterns in the minimum number of moves needed to complete 

the game
• Formulate an algorithm using recursion  to find the number of moves needed by 

combining smaller steps
• Plot the solutions and identify the function they create
• Use recursive algorithm to create an explicit formula
• Apply variations to the game and explore the different strategies to solve them

BACKGROUND
Traditionally, the Towers of Hanoi is believed to have been created out of an old 
Hindu legend which involved 64 golden disks placed upon the first of three pegs. The 
priests, tasked by God to complete the game, worked diligently. It was said that once 
all of the disks were successfully moved to the third peg, the world would end. 
However, credit is given to the French Mathematician Édouard Lucas, for having 
created the game in 1883, although his actual contributions to the puzzle have been 
disputed. 
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𝒈𝒈𝒏𝒏 = 𝟐𝟐𝐧𝐧 − 𝟏𝟏

𝑔𝑔𝑛𝑛 = 2𝑔𝑔𝑛𝑛 + 1 𝑔𝑔100 = 2𝑔𝑔𝑛𝑛−1 + 1
𝑔𝑔𝑛𝑛−1 = 2𝑛𝑛−1 − 1 𝑔𝑔99 = 299 − 1

𝑔𝑔𝑛𝑛 = 2 2𝑛𝑛−1 − 1 + 1 𝑔𝑔100 = 2 299 − 1 + 1
𝑔𝑔𝑛𝑛 = 2𝑛𝑛 − 1 𝑔𝑔100 = 2100 − 1

Table 1.1:  A data table including the 
minimum number moves per 𝑛𝑛 disks

Figure 1:  A representation illustrating the traditional set up of the Towers of Hanoi with 5 
disks and 3 pegs.

Each successive disk adds the next power 
of 2 to the number of moves needed to 
complete the game. Beginning with 20 we 
add powers of two until 2𝑛𝑛 where n 
represents the total number of disks. 
Upon computing this sum, we find that 
this can be simplified to 2𝑛𝑛 − 1.

n D1 D2 D3 D4 D5 Total

1 1 x x x x 1

2 2 1 x x x 3

3 4 2 1 x x 7

4 8 4 2 1 x 15

5 16 8 4 2 1 31

*𝑛𝑛 = number of 
disks
*D1 = 1st / 
smallest disk
… D5 = 5th disk
*Total = total 
number of moves 
for n disks

𝑘𝑘 = 𝑛𝑛 − 2𝑛𝑛 + 1 + 1

𝐺𝐺 𝑛𝑛, 𝑟𝑟 = 2𝐺𝐺 𝑘𝑘, 𝑟𝑟 + 𝐺𝐺 𝑛𝑛 − 𝑘𝑘, 𝑟𝑟 − 1

𝐺𝐺 𝑛𝑛, 4 = 2𝐺𝐺 𝑘𝑘, 4 + 2𝑛𝑛−𝑘𝑘 − 1

𝑘𝑘 = 7 − ⌊ 2(7) + 1⌉ + 1
𝑘𝑘 = 4

𝐺𝐺 7,4 = 2𝐺𝐺 4,4 + 27−4 − 1
𝐺𝐺 7,4 = 2𝐺𝐺 4,4 + 7
𝐺𝐺 7,4 = 2 9 + 7

𝐺𝐺 7,4 = 25

FURTHER RESEARCH
Although we were able to identify the equation for the minimum number of moves
required to complete the classic Towers of Hanoi puzzle and for one additional
variation, there is much more to explore within this puzzle. One specific extension
would be to find the origin of the formula used to find the 𝑘𝑘 value when playing the
game with 4 pegs. In addition to this, the algorithm for moving disks with 4
available pegs is quite different from the classic algorithm and its proof could be a
topic of further research.

Other variations of Towers of Hanoi include:

• Magnetic Hanoi

• Cyclic Tower of Hanoi

• Two Player Tower of Hanoi

• Poole’s variation

Equations Example

Figure 2: A representation of Poole’s variation

Graph 1: a graphical representation of Table 1.1
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