
Greatest Hits: Combinatorics

Warm-Up

Math Circle Competition Team
March 5th, 2017

1. (1988 AHSME) For any real number a and any positive integer k, define(
a

k

)
=

a(a− 1)(a− 2) · · · (a− (k − 1))

k!
.

What is the exact numerical value of

(−1/2
100

)(
1/2
100

) ?

2. Find the number of zeroes at the end of

(
200

100

)
.



3. (2003 AMC 10A) Pat is to select six cookies from a tray containing only chocolate
chip, oatmeal, and peanut butter cookies. There are at least six of each of these three
kinds of cookies on the tray. How many different assortments of six cookies can be
selected?

4. (2017 AMC 10B) How many of the base-ten numerals for the positive integers less
than or equal to 2017 contain the digit 0?

5. (2013 AIME II) Positive integers a and b satisfy the condition

log2(log2a(log2b(2
1000))) = 0.

Find the sum of all possible values of a + b.



Greatest Hits: Combinatorics

In-Class Problems

Math Circle Competition Team
March 5th, 2017

1. (2008 AIME I) There exist unique positive integers x and y that satisfy the equation
x2 + 84x + 2008 = y2. Find x + y.

2. (2010 AIME II) Dave arrives at an airport which has twelve gates arranged in
a straight line with exactly 100 feet between adjacent gates. His departure gate is
assigned at random. After waiting at that gate, Dave is told the departure gate has
been changed to a different gate, again at random. Let the probability that Dave walks

400 feet or less to the new gate be a fraction
m

n
, where m and n are relatively prime

positive integers. Find m + n.



3. (2015 AIME I) Consider all 1000-element subsets of the set {1, 2, 3, . . . , 2015}. From
each such subset choose the least element. The arithmetic mean of all of these least
elements is

p

q
, where p and q are relatively prime positive integers. Find p + q.

4. (2002 AIME II) Let S be the set {1, 2, 3, . . . , 10} Let n be the number of sets of
two non-empty disjoint subsets of S. (Disjoint sets are defined as sets that have no
common elements.) Find the remainder obtained when n is divided by 1000.



Greatest Hits: Combinatorics

Take-Home Problem Set

Math Circle Competition Team
Week of March 5th, 2017

1. (2007 AIME I) In a 6 x 4 grid (6 rows, 4 columns), 12 of the 24 squares are to be
shaded so that there are two shaded squares in each row and three shaded squares in
each column. Let N be the number of shadings with this property. Find the remainder
when N is divided by 1000.

2. (1986 AIME) In a sequence of coin tosses, one can keep a record of instances in
which a tail is immediately followed by a head, a head is immediately followed by a
head, and etc. We denote these by TH, HH, and etc. For example, in the sequence
HHTTHHHHTHHTTTT of 15 coin tosses we observe that there are five HH, three
HT, two TH, and four TT subsequences. How many different sequences of 15 coin
tosses will contain exactly two HH, three HT, four TH, and five TT subsequences?
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