
Modular Arithmetic

Warm-Up

Math Circle Competition Team
October 9th, 2016

1. Compute the following:

(a) 51 (mod 13)

(b) 342 (mod 85)

(c) −463 (mod 11)

(d) (51 + 68) (mod 7)

(e) (82 · 73) (mod 7)

(f) 12233 · 455679 + 876533 (mod 4)

(g) 515 (mod 7)

(h) 713 (mod 11)

(i) 21000 (mod 13)



2. Find the units digit (ones digit) of 7100.

3. Find the units digit of 7(77).

4. (2013 HMMT Feb. Guts) Find the rightmost non-zero digit of the expansion of

(20)(13!).

5. (Sunzi, 4th century AD) There are certain things whose number is unknown. Re-
peatedly divided by 3, the remainder is 2; by 5 the remainder is 3; and by 7 the
remainder is 2. What will be the number? (Note: find the smallest such number.)



Modular Arithmetic

In-Class Problems

Math Circle Competition Team
October 9th, 2016

1. Find 220 + 522 (mod 21).

2. Find 1515 + 4545 (mod 2015), given that 2015 = 5 · 13 · 31.

(a) Find 1515 + 4545 (mod 5).

(b) Find 1515 + 4545 (mod 13).

(c) Find 1515 + 4545 (mod 31).

(d) Use the Chinese Remainder Theorem to find 1515 + 4545 (mod 2015).



3. (2007 HMMT Feb. Guts) Define the sequence of positive integers an recursively
by a1 = 7 and an = 7an−1 for all n ≥ 2. Determine the last two digits of a2007.

4. (2010 AIME I) Find the remainder when 9 × 99 × 999 × · · · × 99 · · · 9︸ ︷︷ ︸
999 9’s

is divided by

1000.

5. (1994 AIME) Challenge. The increasing sequence 3, 15, 24, 48, . . . consists of those
positive multiples of 3 that are one less than a perfect square. What is the remainder
when the 1994th term of the sequence is divided by 1000?



Modular Arithmetic

Take-Home Problem Set

Math Circle Competition Team
Week of October 9th, 2016

If you get stuck, we can answer your questions and give you hints on the forum at
forum.mathcircle.us . Solutions will be posted on Saturday, October 15th.

1. (2007 HMMT Feb. Guts)
A student at Harvard named Kevin
Was counting his stones by 11
He messed up n times
And instead counted 9s
And wound up at 2007.

How many values of n could make this limerick true?

2. (2014 AMC 10B) What is the greatest power of 2 that is a factor of 101002 − 4501?



3. (2015 HMMT Feb. Algebra) The fraction 1
2015

has a unique “partial fraction
decomposition” of the form

1

2015
=

a

5
+

b

13
+

c

31
,

where a, b, and c are integers with 0 ≤ a < 5 and 0 ≤ b < 13. Find a+ b.

4. (1979 USAMO) Determine all non-negative integral solutions (n1, n2, . . . , n14) if any,
apart from permutations, of the equation n4

1 + n4
2 + · · ·+ n4

14 = 1599.

5. (2014 AIME I) Challenge. The positive integers N and N2 both end in the same
sequence of four digits abcd when written in base 10, where digit a is not zero. Find
the three-digit number abc.
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